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Abstract: We study the generalisation of relative entropy, the Re´nyi divergence
Dα(ρ||ρβ) in 2d CFTs between an excited state density matrix ρ, created by deform-
ing the Hamiltonian, and the thermal density matrix ρβ. Using the path integral
representation of this quantity as a Euclidean quench, we obtain the leading contri-
bution to the Re´nyi divergence for deformations by scalar primaries and by conserved
holomorphic currents in conformal perturbation theory. Furthermore, we calculate
the leading contribution to the Re´nyi divergence when the conserved current per-
turbations have inhomogeneous spatial profiles which are versions of the sine-square
deformation (SSD). The dependence on the Re´nyi parameter (α) of the leading contri-
bution have a universal form for these inhomogeneous deformations and it is identical
to that seen in the Re´nyi divergence of the simple harmonic oscillator perturbed by
a linear potential. Our study of these Re´nyi divergences shows that the family of
second laws of thermodynamics, which are equivalent to the monotonicity of Re´nyi
divergences, do indeed provide stronger constraints for allowed transitions compared
to the traditional second law.
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1 Introduction
The application of ideas from information theory has led to important insights in
quantum field theory, holography and black hole physics. The most well studied
measure is that of entanglement entropy which is defined as the von-Neumann en-
tropy of the reduced density matrix on a spatial region. Entanglement entropy and
its holographic realization in terms of the minimal surface [1] has been the key in-
gredient for the recent developments in AdS/CFT and black holes. Another concept
which has recently received attention is the relative entropy of two density matrices
which is defined as
S(ρ1||ρ2) = Tr(ρ1 log ρ1)− Tr(ρ1 log ρ2) . (1.1)
Relative entropy assigns a positive number given two density matrices and there-
fore can be used as a measure of distance in the space of density matrices. It was
introduced in the holographic context in [2] and has subsequently found several ap-
plications [3, 4]. For an introduction to information theoretic measures and their
applications in quantum field theory see [5].
Just as the Re´nyi entropies are a one parameter generalisation of the von-
Neumann entropy, relative entropy also admits one parameter generalisations. The
focus of this paper is the generalization known as Re´nyi divergence, also known as
the Petz entropy [6]. This is defined as
Dα(ρ1||ρ2) = sgn(α)
α− 1 log Tr[ρ
α
1ρ
1−α
2 ] , (1.2)
where ρ1, ρ2 are normalized density matrices. This quantity forms an important
distance measure in information theory. In [7] Re´nyi divergence between a state ρ
deformed from the thermal state ρβ at the temperature β with respect to a given
Hamiltonian H was used to study additional second law like constraints which can
govern the out of equilibrium state ρ as it evolves to the thermal state ρβ by the
Hamiltonian H. The excited state ρ considered in [7] is also a thermal state but under
a deformed Hamiltonian Hdef = H+µO where O is the deforming operator. For this
class of excited states, [7] showed that one can evaluate the Re´nyi divergences using
its path integral as a Euclidean quench. The Euclidean quench was also used to
develop a method to evaluate Re´nyi divergences holographically. In the cases where
H describes a 2-dimensional conformal field theory and O a conformal primary of
dimensions ∆ < 1, it was shown that there are indeed situations where constraints
are stronger than the conventional second law. These additional constraints resulted
from the monotonicity of Re´nyi divergences.
In this paper we study more properties of Re´nyi divergences in 2-dimensional
conformal field theory. The formulation of Re´nyi divergence as a Euclidean quench
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presents us with the interesting problem of calculating a new class of generalized
partition functions
Zα(τ, µ) = Tr
[
qαHdef(µ)q(1−α)HCFT
]
. (1.3)
Here, Hdef(µ) = HCFT +µO. After a review of the formulation of Re´nyi divergence as
a Euclidean quench, we re-visit the evaluation of the leading contribution to Re´nyi
divergences for excited states created by deforming the Hamiltonian by a scalar
primary of weight ∆. We obtain an analytical expression for the Re´nyi divergence in
terms of an infinite series. The representation in terms of infinite series is obtained for
all values of ∆ provided the integral resulting from conformal perturbation theory is
regulated. For the case ∆ = 1 we obtain a closed form expression in terms of known
functions.
When O commutes with the Hamiltonian, as is the case with conserved current
deformations, the above quantity can be calculated from the knowledge of the de-
formed partition function Tr
[
qHdef(αµ)
]
. We consider the cases of U(1), the stress
tensor and the spin-3 current deformations. We obtain the generalised partition
function (1.3) partition function for these cases in the closed form by considering
the perturbative expansion in the coupling µ. For carrying out the conformal per-
turbation theory we used the methods developed earlier in [8–10]. The prescription
adopted for carrying out the integrals that arise in conformal perturbation theory
ensure that each integral is finite despite the fact the conformal dimension of the cur-
rent is such that ∆ ≥ 1. These methods enable us to evaluate the Re´nyi divergences,
Dα(ρ||ρβ), where ρ is the excited state obtained by adding conserved currents to the
Hamiltonian.
When O does not commute with HCFT, calculating Zα is not straightforward.
The effective Hamiltonian Heff , defined as q
Heff = qαHdef(µ)q(1−α)HCFT , then involves
an appropriate re-summation of the Baker-Campbell-Hausdorff series. We note that
Heff is also the Floquet Hamiltonian governing the dynamics if the system is evolved
alternatively using HCFT and Hdef . Some progress in finding closed form expressions
for Heff has been made in [11]. To render the problem tractable we work with the
situation that the deforming operator O is still constructed from conserved currents,
but µ acquires a spatial profile. Taking the spatial directions to be compact and
choosing periodic functions in space one can obtain deforming operators O which do
not commute with Hamiltonian HCFT. For the case of the stress tensor, a special
class of deformations was considered earlier in [12–16] called sine-square deformation
(SSD). This name is derived from the fact the spatial dependence of the envelope
function is a sine-squared profile. We generalise this envelope function introducing
a parameter µ which controls the amplitude of the deformation. The deforming
operator is then proportional to combination of Virasoro generators, L1 + L−1. We
also generalise to the cases when the deforming operator is constructed from higher
spin currents. We call these the higher spin SSD deformations. Analogous to the
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Virasoro case, the deforming operator is given by V
(s)
−k + V
(s)
k , where k is the mode
number of the the spin-s current and V (s) is the generator of higher spin symmetries.
We set up Hamiltonian perturbation theory in µ and evaluate the generalised
partition function (1.3) and the corresponding Re´nyi divergences. For the SSD and its
higher spin generalization we find that the α dependence of the leading contribution
to the Re´nyi divergence takes the following universal form
Dα(ρµ||ρβ) = µ2
sinh(pi(α−1)kβ
L
) sinh(piαkβ
L
)
(α− 1) f(β, L) +O(µ
4) . (1.4)
Here k is the mode number of the deforming operator, V
(s)
−k + V
(s)
k and L is the
size of the spatial circle. We also show that this dependence on α is remarkably
identical to the Re´nyi divergence of the simple harmonic oscillator deformed by a
linear potential. For the case of the simple harmonic oscillator, the Re´nyi divergence
in (1.4) is exact to all orders in µ and β
L
is replaced by ωβ where ω is the frequency
of the oscillator. We show the universality in Re´nyi divergence is the consequence
of the same nature of commutation relations of the deforming operator with the
undeformed Hamiltonian. These operators satisfy the Heisenberg algebra.
Armed with these results for Re´nyi divergences, we examine the constraints
for non-equilibrium transitions arising from generalized second laws put forward in
[7]. We see that for open systems, indeed monotonicity of Re´nyi divergences place
more constraints on allowed transitions than the conventional second law. These
observations generalise those found in [7]. Due to the analytical nature of our result
we are able to translate the constraints from the generalised second laws to domains
in the deforming parameter µ for which non-equilibrium transitions are allowed.
These domains turn out to be more restrictive than those allowed by the traditional
second law.
The organization of the paper is as follows. In section 2, we review the formula-
tion of Re´nyi divergences in terms of the Euclidean quench and also discuss some of
its properties. In section 3, we evaluate Re´nyi divergences for deformations due to
scalar primaries of dimension ∆. In section 4, we consider situations with µ constant
and the deforming operators are the U(1) currents, stress tensor, spin-3 currents
and evaluate the corresponding Re´nyi divergences in closed form using conformal
perturbation theory. In section 5, we first consider the case of the simple Harmonic
oscillator deformed by the linear potential and show using the path integral that the
Re´nyi divergence is exactly given by (1.4). We then evaluate the Re´nyi divergences of
the SSD deformation and its higher spin analogues using Hamiltonian perturbation
theory and how that to the leading order the α dependence of the Re´nyi divergence
is given by the universal form in (1.4). In section 6, we use our results and show that
generalized second laws for non-equlibrium transitions based on Re´nyi divergences do
indeed place additional constrains compared to the conventional second law. Section
7 contains our conclusions. Appendix A contains details of conformal perturbation
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αβ
(1−
α)β
H
CFT
H
Figure 1: The Euclidean quench setup for Re´nyi divergence.
theory for spin-2 and spin-3 deformation. Appendix B and Appendix C contains
evaluation of partition functions and the details of the Hamiltonian perturbation
theory for the SSD deformation and its higher spin generalizations.
2 Re´nyi divergence as Euclidean quench
In this section we review the evaluation of Re´nyi divergences using its path integral
representation as an Euclidean quench put forward in [7]. The Re´nyi divergence
between two density matrices ρ and ρβ is defined as
Dα(ρ||ρβ) = 1
α− 1 log
Tr[ραρ1−αβ ]
Tr[ρ]α Tr[ρβ]
1−α . (2.1)
Here, ρ is an excited state obtained by deforming the Hamiltonian corresponding to
the thermal density matrix ρβ. Therefore, the path integral representation of ρβ is
the path integral of the conformal field theory with action SCFT over a cylinder of
circumference β. We write this formally
ρβ =
∫
[dφ] exp(−SCFT(φ)) , (2.2)
In the operator language the thermal density matrix can be written as
ρβ = e
−βHCFT , (2.3)
where HCFT is the Hamiltonian which generates translations along the thermal circle.
The deformed density matrix ρ is then defined by the path integral
ρ =
∫
[dφ] exp
[
−SCFT(φ)−
∫
dzdz¯ µO∆(z, z¯)
]
, (2.4)
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where O∆(z, z¯) is a conformal primary of weight (h, h¯) with ∆ = h + h¯. In the
Hamiltonian form, the excited state ρ can be thought of a thermal state defined with
respect to a new Hamiltonian given by
H ′ = HCFT + µO∆ , (2.5)
and therefore ρ = e−βH
′
.
Now, the path integral representation of the trace appearing in the numerator of
the definition of the Re´nyi divergence in (2.1) can be summarised in Fig. 1. Essentially
we sew the regions of the path integral given in (2.2) and (2.4). Thus the entire path
integral can be thought of as performing the path integral on the thermal cylinder
with the Hamiltonian HCFT deformed by the operator O coupled to a time dependent
source given by
µ(τ) = (θ(τ)− θ(τ − αβ))µ . (2.6)
Here θ(τ) refers to the Heaviside step function defined by
θ(τ) =
{
1 for τ ≥ 0,
0 for τ < 1.
(2.7)
Since the deformation is turned on at τ = 0 and turned off at τ = αβ, this formulation
of the Re´nyi divergence is also called the Euclidean quench. The factors in the
denominator in (2.1) can be evaluated using the path integral (2.2) and (2.4).
It is clear from this formulation for evaluating Re´nyi divergences that we are
restricted to the specific class of excited states which are obtained by deforming the
original HamiltonianHCFT. As in [7] we wish to think of these as excited states within
the theory in which the evolution is determined by HCFT. Also the path integral
formulation allows the evaluation of the Re´nyi divergence for the range 0 ≤ α < 1.
The work [7] focused on deformation by relevant scalar primaries, in this paper we
first revisit these deformations. We then focus on deformation by conserved currents
and also evaluate Re´nyi divergences when the perturbations in µ have inhomogenous
spatial profiles which specifically correspond to the sine-squared deformation (SSD).
Before we go ahead let us also recall a few properties Re´nyi divergences [17].
One simple check we perform in the next section is that we verify these properties
are true for all the cases for which we have evaluated the Re´nyi divergences.
1. Positivity: Dα ≥ 0.
2. Monotonicity in α: Dα1 ≥ Dα2 for α1 > α2.
3. Continuity in α.
4. Concavity: (1− α)Dα is concave in α.
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5. Relation to relative entropy in the α→ 1 limit:
D1(ρ||ρβ) = Tr(ρ log ρ)− Tr(ρ log ρβ). (2.8)
Furthermore it can be shown that relative entropy can be written in terms of the
differences in free energies of the density matrices ρ and ρβ
D1(ρ||ρβ) = β(F (ρ)− F (ρβ)). (2.9)
It is important to realise that in this equation, the free energy of the excited state
is given by
F (ρ) = Tr[ρˆH] + Tr[ρˆ log ρˆ]. (2.10)
Note that the expectation value of the energy is that of the undeformed Hamil-
tonian in the excited state ρ and ρˆ is the normalized density matrix given by
ρˆ =
ρ
Tr[ρ]
(2.11)
The definition of F (ρβ) is the same as that of (2.10) with ρ replaced by ρβ.
It is useful to obtain an expression for the free energy of excited state in terms of
the partition function the excited state. Consider the un-normalized density matrix
of the excited state which is given by
ρ = e−β(H−µO). (2.12)
where O′ is the operator which corresponds to the deformation in the Hamiltonian
picture. From this definition (2.12) it is easy to see that
Tr[Hρˆ] =
µ
β
∂
∂µ
log(Tr[ρ])− ∂
∂β
log(Tr[ρ]), (2.13)
Note that on the LHS ρˆ refers to the normalized density matrix and H refers to the
undeformed Hamiltonian. We also have the equation
1
β
Tr(ρˆ log ρˆ) = −T ∂
∂T
(T log Tr[ρ]). (2.14)
Both the equations (2.13) and (2.14) are functions of the deformed partition function
Z[µ] = Tr[ρ]. The free energy of the unperturbed CFT is given by
F (ρβ) = − 1
β
log Tr[ρβ] = −picL
6β2
. (2.15)
Now using (2.13), (2.14) and (2.15), it can be seen that the difference in free energy
(2.10) can be expressed entirely in terms of the partition function of the excited state
Z[µ] = Tr[ρ]. Therefore, the relative entropy is
D1(ρ||ρβ) = β(F (ρ)− F (ρβ)), (2.16)
= µ
∂
∂µ
log Tr[ρ]− log Tr[ρ] + picL
6β
.
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Additionally, using ρβ = e
−βH and ρ = e−β(H+µO) and the Golden-Thompson
inequality, Tr[eAeB] ≥ Tr[eA+B], we obtain that the Re´nyi divergence (2.1) is bounded
from above by the following combination of the deformed and undeformed partition
functions
Dα(ρ||ρβ) ≤ 1
α− 1 log
Z[αµ]
Z[µ]αZ[0]1−α , where Z[µ] ≡ Tr[e
−β(H+µO)]. (2.17)
for 0 ≤ α < 1. This inequality is saturated if and only if the deforming operator O
commutes with the Hamiltonian.
3 Deformations by scalar primaries
In this section we revisit the evaluation of the Re´nyi divergences for which the excited
state is that obtained by a scalar primary O of weight ∆ to the quadratic order in
the amplitude. This problem was addressed in [7] where the integral resulting from
conformal perturbation theory was evaluated numerically and for ∆ < 1
2
, the integral
was written in terms of a series. In this section we show that the Re´nyi divergences
can be written as a series for all ∆. Further more for the case of ∆ = 1, we obtain
the Re´nyi divergences in closed form.
Let us consider the Euclidean quench by a scalar primary, the action is deformed
by
SCFT 7→ SCFT + µ
∫
d2w[θ(τ)− θ(τ − αβ)]O(w, w¯) . (3.1)
The leading contribution to the quenched partition function begins at the quadratic
order in µ and is given by
log Tr(ραρ(1−α)) =
picL
6β
+µ2
∫ αβ
0
∫ αβ
0
dτ1dτ2
∫ ∞
−∞
∫ ∞
−∞
dσ1dσ2〈O(w1, w¯1)O(w2, w¯2)〉+· · ·
(3.2)
The normalized two point function of the primary on the cylinder is given by
〈O(w1, w¯1)O(w2, w¯2)〉 =
(
pi
β
)2∆(
1
sinh pi
β
(w1 − w2) sinh piβ (w¯1 − w¯2)
)∆
. (3.3)
After a change of variable and simple manipulations we obtain
log Tr(ραρ(1−α)) =
picL
6β
+
piL
β
(
pi
β
)(2∆−4)
I(∆, α) + · · · , (3.4)
where
I(α,∆) = 2∆−2
∫ 2piα
0
dp
∫ ∞
0
dσ
2(2piα− p)
(coshσ −√1− 2 cos p)∆ . (3.5)
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We have cut off the second spatial integral to a size of length L. After a change of
variables we have performed the integrals over one of the temporal directions. The
integral is regulated following [7]. Using (2.1), the Re´nyi divergence is then given by
Dα(ρ||ρβ) = µ2piL
β
(
pi
β
)(2∆−4)
I(α,∆)− α(1,∆)
α− 1 +O(µ
3). (3.6)
We now evaluate the integral in (3.5) by expanding the denominator using the
binomial expansion
I(α,∆) = 2∆−2
∞∑
n=0
Γ(∆ + n)
Γ(∆)Γ(n+ 1)
(1− 2)n2
∫ 2piα
0
dp
∫ ∞
0
dσ
2(2piα− p)(cos p)n
(coshσ)n+∆
.
(3.7)
For a finite , this expansion is uniformly convergent and we have interchanged the
sum and the integral. Now the functions that occur in the integral are elementary
and we can integrate term by term. We obtain
I(α,∆) = I(α,∆)even + I(α,∆)odd, (3.8)
I(α,∆)even = 2
2∆−3
∞∑
m=0
Γm(∆) (1− 2)m
[
m−1∑
k=0
(
2m
k
)
s(m− k) +
(
2m
m
)
2pi2α2
]
,
I(α,∆)odd = 2
2∆−3
∞∑
m=1
Γm− 1
2
(∆) (1− 2) 2m−12
m−1∑
k=0
4
(
2m− 1
k
)
s(m− k − 1
2
),
where we have defined the quantities s(x) = sin2[2piαx]/x2 and Γm(∆) = Γ(m +
∆/2)2/(Γ(2m+ 1)Γ(∆)).
The integral is convergent for 0 < ∆ < 1, therefore we can set  = 0 and we
can plot the Re´nyi divergences given by (3.6) and (3.8) In figures 2a and 2b, we
have plotted these Re´nyi divergences for various values of ∆ for 1000 terms in the
series. It can be seen that the properties discussed in section 2 hold. We checked the
convergence of the series by evaluating the Re´nyi divergences by taking different the
number of terms in the series. For instance changing the number of terms from 800
to 1000 results in changes of less than equal to 0.04 to the Re´nyi divergences. The
changes kept decreasing as we increased the number of terms. We have also seen by
using the ratio test to a series which bounds the one given in (3.8), that the sum
is convergent for any ∆ given a finite . In [7, Appendix A, equation A.19] a series
form of the integral was obtained for strictly  = 0 and was valid for 0 < ∆ < 1/2,
the series we have incorporates the cut off and is convergent for any ∆ given a finite
.
As a check of our method of integration, we consider the case of ∆ = 1, for which
the integral can be obtained in terms of known functions for  = 0. We perform the
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Figure 2: (Left) Plot of D˜α = [µ
2 piL
β
(pi
β
)(2∆−4)]−1Dα(ρ1||ρ2) vs α. (Right) Plot of
(1 − α)D˜α(ρ1||ρ2) vs α . In both the plots the values of ∆ for the curves decrease
from 0.1 to 0.9 from top to bottom. We have taken 1000 terms in the series given in
(3.8).
spatial integral first∫ ∞
0
dσ
1
coshσ − cos p = 2
tan−1(cot p
2
)
sin p
=
pi − p
sin p
. (3.9)
Note that we have chosen the branch so that the resulting integral is positive for p
in the range 0 to 2piα. The temporal integral is given by
I(α, 1) =
∫ 2piα
0
F (p)dp, F (p) =
(2piα− p)(pi − p)
sin p
. (3.10)
This integrand is obviously divergent at p = 0, we can regulate this integral by
shifting the contour and considering
I(α, 1) = lim
→0
∫ 2piα
0
1
2
(F (p+ i) + F (p− i))dp. (3.11)
Performing this integral and then evaluating the Re´nyi divergence we obtain 1
Dα(ρ, ρβ) = µ
2βL
pi
1
4(α− 1)
[
ipi3(2α− 1) + 2ipi(2α− 1) (−4Li2(e2ipiα) + Li2(e4ipiα))
+16Li3(e
2ipiα)− 2Li3(e4ipiα)− 14ζ(3)
]
. (3.12)
Note that though the result in (3.12) is not manifestly real, it can be seen real by
examining the numerical values of the function in the figures 3a and 3b.
1We have also regulated the integral by placing a cut off p = 0 and I(α, 1) = limΛ→0
∫ 2piα
Λ
F (p)
and obtain the same result as given in (3.12).
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Figure 3: (Left) Plot of D˜α =
1
µ2(βL/pi)
Dα(ρ1||ρ2) vs α. (Right) Plot of (1 −
α)D˜α(ρ1||ρ2) vs α
We can use the closed form answer at ∆ = 1 given in (3.12) to check the efficiency
of the series obtained in [7, Appendix A, equation (A.19)] extrapolated to ∆ = 1.
First we note the normalizations of the integral in (3.5) and that in [7] are related
by I(α,∆)ours = 2
∆−3Itheirs. Let us call the Re´nyi divergence obtained by the series
for ∆ = 1 in (3.8) as ‘series 1’ and that obtained in [7] after taking into account
the normalizations, ‘series 2’. In figure 4a we have plotted the closed form result for
the Re´nyi divergences from (3.12) and ‘series 1’ and ‘series 2’ for 1000 terms in the
series. In figure 4b we plot the differences between the closed from result and ‘series
1’ and ‘series 2’ taking 1000 terms. As expected the closed form result is always
larger, however we can see the ‘series 1’ obtained is this paper has smaller differences
and therefore converges faster to the closed form answer.
As another consistency check, we consider the limit α→ 1 of the integral I(α,∆)
with ∆ < 1 for covergence so that we can set  = 0. The integral then becomes
I(1,∆) = 2∆−2
∫ 2pi
0
dp
∫ ∞
0
2(2pi − p)
(coshσ − cos p)∆ . (3.13)
We can now compare this integral done in [18, equation (13)] for d = 2 (also obtained
for conformal perturbation theory)
C∆ =
∫ ∞
−∞
dτ
∫ pi
0
dθ Vol(S0)
1
2∆(cosh τ − cos θ)∆ . (3.14)
This integral was evaluated with the result
C∆ = pi
3
2 21−∆
[
Γ(1−∆)Γ(∆
2
)
Γ(1− ∆
2
)2Γ(1
2
+ ∆
2
)
]
. (3.15)
Now using the following identity for every integer n∫ 2pi
0
dp(2pi − p)(cos p)n = 2pi
∫ pi
0
dθ(cos p)n. (3.16)
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Figure 4: (Left) Plots of D˜α =
1
µ2(βL/pi)
Dα(ρ1||ρ2) vs α for ∆ = 1. The closed form
in (3.12) is shown as a continuous curve, ‘series 1’ constructed in this paper and
‘series 2’ of [7] are as dashed curves of yellow and green respectively. We have taken
1000 terms from each of the series. (Right) Plots of D˜α for differences: (closed form
− ‘series 1’) and (closed form − ‘series 2’). It is seen that the series (3.8) constructed
has smaller differences to the closed form result.
and comparing the integrals in (3.13) and (3.14), we expect
I(1,∆) = 4∆−1piC∆ . (3.17)
Let us now evaluate I(1,∆). From the series representation of the integral (3.8) is
easy to see that the result is
I(1,∆) = 22∆−2
∞∑
m=0
Γ
(
2m+∆
2
)2
Γ(2m+ 1)Γ(∆)
(
2m
m
)
pi2 =
2(2∆−2)pi2Γ(1−∆)Γ(∆
2
)2
Γ(2−∆
2
)2Γ(∆)
. (3.18)
Evaluating the ratio from (3.14) and (3.18) we indeed see that the ratio is precisely
as expected and is given by
I(1,∆)
C∆
= 4∆−1pi . (3.19)
We also see that, as expected for α = 1 the result in (3.18) is 2∆−3 times the result
evaluated using the series in [7].
4 Homogenous deformations by conserved currents
In this section we study Re´nyi divergence when the source µ is spatially uniform and
the operator O are conserved currents. Thus the deformation we consider are
SCFT(φ) 7→ SCFT(φ) + µ
∫
d2z
(O(z) + O¯(z¯)) (4.1)
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In the subsequent subsections we consider O(z) to be spin-1, spin-2, spin-3 currents
and show that the Re´nyi divergences for these deformations can be obtained in closed
form to all orders in conformal perturbation theory. Note that all these operators
have dimensions ∆ ≥ 1. It was noted in [7], that for primaries with conformal
dimensions ∆ ≥ 1 and h = h¯, there are divergences in conformal perturbation
theory. On the contrary, we will see that in the case of holomorphic currents the
prescription developed in [8–10] to evaluate the integrals that occur in conformal
perturbation theory leads to finite answers for Re´nyi divergences.
4.1 U(1) current
Let us consider the following deformation of the CFT action by a U(1) current
SCFT(φ) 7→ SCFT(φ) + µ
∫
d2z (j(z) + j¯(z¯)) . (4.2)
The U(1) current admits the following OPE2
j(z)j(w) ∼ − κ
(z − w)2 , (4.3)
where κ is the level of the current algebra. We focus on the holomorphic pertur-
bation. The analysis for the anti-holomorphic perturbation proceeds identically and
we can then add its contribution. The correlators of the anti-holomorphic U(1) cur-
rent with the holomorphic current factorise except for contact-terms which involve
delta functions. In the prescription of doing the resulting integrals we ignore all
such contact-terms (see [10] for details). Therefore the contribution from the anti-
holomorphic sector can be taken into account by doubling the contribution of the
holomorphic sector.
To proceed let us study the leading correction to the partition function: we
evaluate
Tr(ρ) = Z[µ] =
∫
[Dφ] exp
(
−S[φ]− µ
∫
d2w j(w)
)
. (4.4)
This path integral is evaluated on a cylinder of length L with circumference β. w is
the co-ordinate on the cylinder which is related to the co-ordinate on the plane by
the map z = e2piw/β . Expanding the partition function as a series in µ, we obtain
Z[µ]
Z[0] = 1− µ
∫
d2w〈j(w)〉+ µ
2
2
∫
d2w1d
2w2〈j(w1)j(w2)〉+ · · · . (4.5)
Here the expectation values refer to correlators evaluated on the cylinder. Since j(w)
is a conformal primary, is expectation value on the cylinder vanishes. The two-point
2 Note that the presence of i2 = −1 in the normalization of the OPE is due to the fact that the
chemical potential for the global U(1) charge in the Euclidean Lagrangian is purely imaginary. We
have absorbed this factor of i in the normalization of the currents.
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function of the currents on the cylinder is given by
〈j(w1)j(w2)〉 = −κ
(
pi
β
)2
1
sinh2 pi
β
(w1 − w2)
. (4.6)
To perform the integral we adopt the prescription developed in [8–10]. The spatial
integrals are done first followed by the temporal integrals. Furthermore the last
spatial integral is cut off by the length L of cylinder and it gives rise to the extensivity
of the free energy. Let us see this in detail for the µ2 term in (4.5)
−1
2
µ2κ
∫ β
0
dτ2
∫ L/2
−L/2
dσ2
∫ β
0
dτ1
∫ ∞
−∞
dσ1
(
pi
β
)2
1
sinh2 pi
β
(σ1 − σ2 + i(τ1 − τ2))
= piκµ2Lβ . (4.7)
Here we have used w = σ+iτ where σ is the non-compact spatial direction and τ , the
compact temporal direction. Notice that in this prescription the integrals over the
temporal directions are trivial. This is because performing the spatial integral first
picks out the conserved charge. As we will see, the fact that the temporal integrals
are trivial plays an important role for evaluating when this deformation occurs as a
Euclidean quench.
For the U(1) current, all n-point functions (on the cylinder) where n is odd
vanish, and for even n they factorise into two-point functions. Using this and the
integral in (4.7) we can exponentiate all the terms in the expansion (4.5) to obtain
Z[µ] = Z[0]× exp (2piκµ2Lβ). (4.8)
Here we have included the contributions from the anti-holomorphic sector. The
undeformed CFT partition function is easily evaluated using the high temperature
limit, since the length of the cylinder is large. Thus we have
Tr[ρβ] = Z[0] = exp
(
picL
6β
)
, (4.9)
where c is the central charge of the CFT. Combining (4.8) and (4.9), we obtain at
high temperatures
Tr[ρ] = Z[µ] = exp
(
picL
6β
+ 2piκµ2Lβ
)
. (4.10)
This result is also consistent with the modular transformation of the torus partition
function in the Hamiltonian formalism. The grand-canonical partition function at
low temperatures receives dominant contribution from the uncharged vacuum
Z(τ, ν) = Tr
[
qL0−c/24q¯L¯0−c/24yJ0 y¯J¯0
]
, Zlow(τ, ν) ≈ exp
(
picβ
6L
)
, (4.11)
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here, q = e2piiτ , y = e2piiν and we chose τ = iβ/L. Under modular transformations,
the above partition function transforms as3
Z
(
aτ + b
cτ + d
,
ν
cτ + d
)
= exp
[
icpiκν2
cτ + d
− icpiκν¯
2
cτ¯ + d
]
Z(τ, ν). (4.12)
Using the S-modular transformation, we can obtain the high temperature behaviour
of the partition function
Zhigh(τ, ν) ≈ exp
(
picL
6β
+
2piκν2L
β
)
. (4.13)
Upon identifying ν = µβ, this agrees precisely with the result (4.10) obtained using
the Lagrangian/path-integral formalism. This provides a verification of the integra-
tion prescription being used here.
Let us now turn to the Euclidean quench, the deformation is now given by
SCFT(φ) 7→ SCFT(φ) + µ
∫
d2z[θ(τ)− θ(τ − αβ)] (j(z) + j¯(z¯)) . (4.14)
Evaluating the path integral with this action results in Tr[ραρ1−αβ ]. It is easy to
carry out the integrations using the prescription just described. Since the temporal
integrals are trivial, performing the two temporal integrals in the case of the Eu-
clidean quench just results in the replacement β2 7→ α2β2. Therefore the result for
the partition function of the quenched theory is given by
Tr(ραρ1−αβ ) = exp
(
picL
6β
+ 2piκα2µ2Lβ
)
. (4.15)
Note that due to the triviality of the temporal integrals, the result for the Euclidean
quench can be easily obtained from the knowledge of the deformed partition function
(4.10); equivalently this causes a rescaling of the coupling µ 7→ αµ. We will see that
this property is true for all uniform holomorphic deformations. In the Hamiltonian
version this fact can be seen as follows. The partition function for the Euclidean
quench setup is
Tr(ραρ1−αβ ) = Tr
[
qα(L0−
c
24
+ ν
τ
J0)q¯α(L¯0−
c
24
+ ν¯
τ¯
J0)q(1−α)(L0−
c
24
)q¯(1−α)(L¯0−
c
24
)
]
. (4.16)
Now since [L0, J0] = 0, the product of the operator exponentials can be trivially
simplified to yield
Tr(ραρ1−αβ ) = Tr
[
qL0−
c
24
+αν
τ
J0 q¯L¯0−
c
24
+αν¯
τ¯
J0
]
= Tr
[
qL0−
c
24 q¯L¯0−
c
24yαJ0 y¯αJ¯0
]
. (4.17)
Comparing this to (4.11) this is a simple rescaling of the chemical potential, ν 7→ αν,
and this is also reflected in (4.15). This feature is universally true for all deformations
3The anti-holomorphic dependence is being suppressed for brevity.
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that commute with the Hamiltonian. This aspect turns out to be very different when
we deal with inhomogenous deformations or deformations by primary operators.
Now using (4.9), (4.10) and (4.15) in the definition of Re´nyi divergence (2.1) we
obtain
Dα(ρ||ρβ) = 2piαµ2κLβ. (4.18)
It is easy to see that this simple linear function in α satisfies all the properties of
Re´nyi divergences listed in Section 2 (for κ > 0).
4.2 Stress tensor
Next we consider the deformation by the stress tensor
SCFT(φ) 7→ SCFT(φ) + µ
∫
d2z
(
T (z) + T¯ (z¯)
)
. (4.19)
As we have seen from the U(1) deformation, the first step is to study the deformed
partition function. In [10], it was seen that using that such a deformation of a CFT
defined on a torus leads to a shift in the temperature. This was seen till the quadratic
order in perturbation theory where the resulting integrals was carried out by the same
prescription of performing the spatial integrals first and then the temporal integrals.
Here, we will verify that the deformation given in (4.19) on the cylinder indeed shifts
the temperature to the fourth order in perturbation theory.
Let us begin by considering the expansion of the partition function to O(µ2).
We first focus only on the perturbation by the holomorphic stress tensor T (z). As
mentioned for the U(1) current, the correlators between the holomorphic stress tensor
and its anti-holomorphic counterpart factorise with the exception of delta-function
contact terms. Our integration prescription ignores all contact terms and, as before,
the anti-holomorphic contribution can be accounted for by doubling the contribution
of the holomorphic sector. Till the second order in conformal perturbation theory,
we have
log
Z[µ]
Z[0] = −µ
∫
d2w1〈T (w1)〉+ µ
2
2
∫
d2w1d
2w2〈T (w1)T (w1)〉 (4.20)
−µ
2
2
(∫
d2w1〈T (w1)〉
)2
+ · · · .
To evaluate the correlators on the cylinder we use the following relation satisfied by
the stress tensor under conformal transformation
T (w) =
( dz
dw
)2
T (z) +
c
12
{z, w} (4.21)
and
{z, w} = 2z
′′′z′ − 3z′′2
2z′2
, (4.22)
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is the Schwarzian of the transformation. We can take z, w are the co-ordinates on
the plane and the cylinder which are related by the map
z = exp
(
2pi
w
β
)
. (4.23)
Using this, the 1-point and 2-point functions of the stress tensor on the cylinder are
given by
〈T (ω)〉 = c
12
(
− 2pi
2
β2
)
, (4.24)
〈T (ω1)T (ω2)〉 = c
2
(pi
β
)4[ 1
sinh[pi/β(ω2 − ω1)]
]4
+ 4
(pi
β
)4( c
12
)2
.
We now have to perform the integrals over the cylinder. Performing the integral for
the 1-point function is trivial, it just involves multiplying the 1-point function with
the volume of the cylinder βL. The first non-trivial integral occurs at the quadratic
order, it involves the 2-point function∫ β
0
dτ1
∫ β
0
dτ2
∫ L
2
−L
2
dσ2
∫ ∞
−∞
dσ1
c
2
(pi
β
)4[ 1
sinh[pi/β(w2 − w1)]
]4
=
2cLpi3
3β
. (4.25)
where wi = σi + iτi. We have used the same recipe to perform the integrals as in
the U(1) case. Note that the disconnected term involving the square of the one
point function cancels with the constant term which arises from the Schwarzian
transformation in (4.24). This ensures that the free energy is extensive. The result
for the partition function to O(µ2) is given by
log
Z[µ]
Z[0] =
picL
6β
(
2piµ+ (2piµ)2 + · · · ) . (4.26)
Here we have included the contribution from the anti-holomorphic sector.
We have performed the perturbative expansion to O(µ4). The details of the
integrals involved are provided in Appendix A.1. The final result to this order is
given by
log(Z[µ]) = picL
6β
(
1 + 2piµ+ (2piµ)2 + (2piµ)3 + (2piµ)4 + · · · ) . (4.27)
In the above, the high temperature limit of the undeformed CFT partition function
has been used
logZ[0] = log Tr(ρβ) = picL
6β
. (4.28)
On examining the series in (4.27) it is easy to note that the perturbed partition
function can be obtained by shifting the temperature
β → β′ = β(1− 2piµ). (4.29)
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Thus the partition function is given by
log(Z[µ]) = log(Trρ) = picL
6β(1− 2piµ) . (4.30)
This is because the prescription of performing the spatial integrals first picks out
the conserved charge. For the stress tensor deformation, the conserved charge is the
original Hamiltonian (or energy) itself. Therefore, the stress tensor deformation can
be thought of as a shift in temperature. This observation also indicates that the
range of µ is restricted to
µ <
1
2pi
. (4.31)
This constraint enforces positivity of the rescaled effective temperature, β′, from
equation (4.29).
Now we can address the Euclidean quench with the above ingredients; the de-
formation is given by
SCFT(φ) 7→ SCFT(φ) + µ
∫
d2z[θ(τ)− θ(τ − αβ)] (T (z) + T¯ (z¯)) . (4.32)
Going through the steps of expanding the path integral with this deformation in
powers of µ and performing the resulting integrals we arrive at
log
[
Tr(ραρ1−αβ )
]
=
picL
6β
(
1 + 2piαµ+ (2piαµ)2 + (2piαµ)3 + (2piαµ)4 + · · · ) . (4.33)
Note that the coupling µ is replaced by αµ in the expansion. The reason for this
is the same as that observed for the U(1) deformation. Performing the integrals
over the spatial co-ordinates first renders the integrations over the temporal co-
ordinates trivial and therefore each temporal integral gets multiplied by a factor of
α resulting in the expression in (4.33). Again, the same reasoning holds to all orders
in perturbation theory and therefore we obtain
log
[
Tr(ραρ1−αβ )
]
=
picL
6β(1− 2piαµ) . (4.34)
We can now evaluate the Re´nyi divergences, substituting (4.28), (4.30) and (4.34)
into the definition (2.1), we obtain
Dα(ρ||ρβ) = picL
6β
4pi2αµ2
(1− 2piµ)(1− 2piαµ) . (4.35)
We can easily check that the above result for the Re´nyi divergence satisfies the first
4 properties listed in Section 1. It is instructive to check the relation to the relative
entropy at α = 1. In this limit the Re´nyi divergence becomes
D1(ρ||ρβ) = picL
6β
4pi2µ2
(1− 2piµ)2 . (4.36)
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It can be verified that the difference in free energies of the excited state ρ and the
state ρβ using (2.16) results precisely in (4.36). This check not only confirms that
the relation in (2.9) holds but also the fact that the undeformed Hamiltonian H
determines dynamics.
4.3 Spin-3
Our final example is the deformation by the spin-3 current, W (z)
SCFT(φ) 7→ SCFT(φ) + µ
∫
d2z
(
W (z) + W¯ (z¯)
)
. (4.37)
Such a deformation was studied in [8–10] to evaluate higher spin corrections to en-
tanglement entropy. In [8], the corrections to the partition function to O(µ2) was
also evaluated.
We restrict our attention to the free boson CFT, but it will be clear from our
analysis that the evaluation of Re´nyi divergences can be extended any CFT which
admits W3 within its chiral-algebra. Consider N complex free bosons φi which obey
the OPE
φ¯i(z, z¯)φ
j(w, w¯) ∼ −δji log |z − w|2. (4.38)
This theory admits a spin-3 current conserved current which is given by
W (z) =
√
5
12pi2
c
2∑
i=1
: (∂2φ¯i(z)∂φi(z)− ∂φ¯i(z)∂2φi(z)) : . (4.39)
This current is a conformal primary and its leading OPE is given by4
W (z)W (0) ∼ − 5c
6pi2z6
+ · · · , (4.40)
where c = 2N . Let us again focus on only the holomorphic correction to the partition
function. To order µ4 we have the following expansion
log
Z[µ]
Z[0] =
µ2
2
∫
d2w1d
2w2〈W (w1)W (w2)〉 (4.41)
+
µ4
4!
[∫
d2w1d
2w2d
2w3d
2w4〈W (w1)W (w2)W (w3)W (w3)〉
−3
(∫
d2w1d
2w2〈W (w1)W (w2)〉
)2]
+ · · · .
The correlators involving an odd number of insertions of W ’s vanish. We follow the
same prescription to evaluate the integrals as discussed for the U(1) current and the
4Here we follow the normalisation of the spin-3 current used in [8].
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spin-2 deformation. The correlators can be evaluated by Wick contractions; on the
cylinder they are given by5
〈W (w1)W (w2)〉 = − 5c
6pi2
(
pi
β sinh pi
β
(w1 − w2)
)6
, (4.42)
〈W (w1)W (w2)W (w3)W (w4)〉 = 25c
2
36pi4
(
pi2
β2 sinh pi
β
(w1 − w2) sinh piβ (w3 − w4)
)6
[
1 + 18
c
η + 75
c
η2 + (2 + 54
c
)η3 + 9(1 + 2
c
)η4 + 6η5 + η6
]
.
where η is the related to the cross ratio by
η = x+
1
x
− 2, x = sinh
pi
β
(w1 − w3) sinh piβ (w2 − w4)
sinh pi
β
(w1 − w4) sinh piβ (w2 − w3)
. (4.43)
We can perform the integrals in the expansion (4.41) using the same prescription
discussed earlier for the spin-1 and spin-2 deformations. The result for the integral
which occurs at the µ2 order is∫ β
0
dτ2
∫ β
0
dτ1
∫ L
2
−L
2
dσ2
∫ ∞
−∞
dσ1
(
1
sinh pi
β
(z2 − z1)
)6
= −16
15
β3L
pi
. (4.44)
Once again performing the spatial integrals first renders the temporal integrals triv-
ial. The integral involving the 4-point function of the spin-3 current can also be
peformed, this is done in the appendix A.2. It can be seen that the contributions
from the disconnected terms, that is the terms proportional to c2 in the four point
function (4.42) precisely cancel with the contributions from the 2-point function
squared contributions which occurs at order µ4. The result for the deformed parti-
tion function is given by
log(Z[µ]) = log Tr(ρβ) = picL
6β
[
1 +
16
3
(
piµ
β
)2
+
12800
27
(
piµ
β
)4
+ · · ·
]
. (4.45)
The contributions from the anti-holomorphic sector have been included.
Integrating the spatial directions first while performing the integrals occurring
in the perturbative expansion ensures that the we have deformed the theory by
the addition of chemical potential for the conserved spin-3 charge. Therefore the
perturbative expansion (4.45) should coincide with the evaluation of the partition
function with the spin-3 chemical potential in the Hamiltonian formalism. This has
5An expression for the 4-point function of the spin-3 currents in a theory withW∞[λ] symmetry
was derived in [19], see equation (30). The free boson theory lies at λ = 1. We find our expression
in (4.42) coincides with that of [19] only for large c.
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been done first in [20], furthermore in [21] an expression for the partition function
was obtained in closed from for all orders in the chemical potential. This is given by
logZ[µ] = picL
6β
[
3
160
β2
pi2µ2
+
3
4
√
3
5
β
2piiµ
− 3
√
2
4
√
3
5
√
β
2piiµ
ζ
(
− 1
2
,
β
16piiµ
√
3
5
)]
,
(4.46)
where ζ refers to the Hurwitz zeta function. Expanding this perturbatively in µ
results in
logZ[µ] = picL
6β
∞∑
j=1
3(−1) 3j−12
∏j−1
n=0(2n− 1)
j!
4j
(
3
5
) 1−j
2 Bj+1
j + 1
(
2piµ
β
)j−1
,
where Bj+1 are the Bernoulli numbers. (4.47) precisely coincides with the expansion
(4.45) to order µ4 that we obtained by performing the integrals in the perturbative
expansion.
Let us now consider the Euclidean quench which is given by the deformation
SCFT(φ) 7→ SCFT(φ) + µ
∫
d2z[θ(τ)− θ(τ − αβ)] (W (z) + W¯ (z¯)) . (4.47)
As we have discussed, performing the spatial integrals first renders the temporal
integrals trivial. Therefore, for the path integral for the Euclidean quench can be
obtained by replacing µ→ αµ in the expansion (4.47). This is because each temporal
integral yields αβ instead of β. Therefore we have
log[Tr(ραρ1−αβ )] =
picL
6β
[
1 +
16
3
(
piαµ
β
)2
+
12800
27
(
piαµ
β
)4
+
1126400
9
(
piαµ
β
)6
· · ·
]
.
(4.48)
We have also evaluated Tr(ραρ1−αβ ) for the spin-3 deformation using the Hamiltonian
formulation for the free boson theory. This is straightforward since the basis involving
the mode numbers diagonalise both the Hamiltonian and the zero mode of the spin-
3 current. We have verified to order µ8 that we indeed obtain the expression in
(4.48). Substituting these expansions in expression for the Re´nyi divergence in (2.1)
we obtain
Dα(ρ||ρβ) = 1
α− 1
[
logZ[µα]− α logZ[µ]− (1− α)picL
β
]
(4.49)
=
picL
6β
[
16
3
(
piµ
β
)2
α +
12800
27
(
piµ
β
)4
α(α2 + α + 1) + · · ·
]
.
Once again, it can be verified that the above expression for Re´nyi divergence satisfies
all the properties listed in Section 1.
From the examples studied, we conclude that Re´nyi divergence between excited
states obtained by deforming the CFT by conserved currents and the thermal state
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can be evaluated once the partition function of the theory Z[µ] is known. Here µ
is the chemical potential for the charge corresponding to the conserved current. As
we demonstrated by these examples, this is because in the perturbative expansion
of the partition function integrating over the spatial directions ensures that we pick
out the conserved charge. Therefore the temporal integrals are trivial. This results
in Tr(ραρ1−αβ ) = Z[αµ] and we can then evaluate the Re´nyi divergence using (2.1).
Holographically, this implies that we can easily evaluate Re´nyi divergences between
higher spin black holes inW∞[λ] and the BTZ black hole using the partition functions
evaluated in [22, 23].
5 Inhomogeneous deformations
The analysis in the previous section has shown that for excited states, in which the
deformation commutes with the original Hamiltonian, the Re´nyi divergence can be
obtained once one knows the partition function of the deformed theory. The depen-
dence of the Re´nyi divergence on α for these class of deformations is quite simple.
The deformation we considered was uniform along the spatial directions. Therefore,
while performing the spatial integrals first resulted in the conserved charge or the
zero mode of the conserved current. For instance in the case of the U(1) deformation,
we obtained the conserved charge. It is this reason, that the deformation commuted
with the Hamiltonian. The deformation by the primary operator, considered in Sec-
tion 3, does not obey this property and therefore we get a non-trivial function of α
for the Re´nyi divergence. Another simple way to construct deformations that do not
commute with the Hamiltonian is to consider inhomogenous deformations along the
spatial direction. Then performing the spatial integrals picks up non-zero modes of
the conserved currents which do not commute with the Hamiltonian. A special class
of inhomogenous deformations sine-square deformation (SSD) has been of recent in-
terest in the context of periodically driven Floquet CFTs [12–16]. In this section we
evaluate the Re´nyi divergences of excited states constructed by deforming the CFT
by SSDs, and its higher spin generalizations.
Before we begin the study of SSD deformations, we analyse the case of the simple
harmonic oscillator deformed by a linear term in its potential. The Re´nyi divergence
for this simple inhomogeneous deformation is exactly calculable. We demonstrate
that the functional dependence of the Re´nyi divergence on α for this model is identical
to that of the leading contribution to the Re´nyi divergence of SSDs.
5.1 Deformed harmonic oscillator
Consider the simple harmonic oscillator with a linear potential and a time dependent
forcing with the Lagrangian
L =
m
2
x˙2 − 1
2
mω2x2 + µf(t)x . (5.1)
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The Euclidean path integral of this system is given by6
K(xb, xa; τb, τa) =
√
mω
2pi sinhωβ
e−S(xa,xb;τa,τb), (5.2)
where β = τb − τa and the action is given by7
S =
mω
2 sinhωβ
[
(x2a + x
2
b) coshωβ − 2xaxb (5.3)
− 2µ
mω
∫ τb
τa
f(τ)(xb sinhω(τ − τa) + xa sinhω(τb − τ))
− 2µ
2
m2ω2
∫ τb
τa
dτf(τ) sinhω(τb − τ)
(∫ τ
τa
dτ ′f(τ ′) sinhω(τ ′ − τa)
)]
.
For the case of the Euclidean quench
f(τ) = θ(τ)− θ(τ − αβ) . (5.4)
We can then evaluate Tr(ραρ1−αβ ) using this path integral by setting τa = 0, τb =
β, xa = xb = x and then performing the integral over all x. This leads to the
following
Tr(ραρ1−αβ ) =
∫ ∞
−∞
dxK(x, x, β, 0), (5.5)
=
1
2 sinh βω
2
exp
[
µ2
mω3
(
sinh αβω
2
sinh (α−1)βω
2
sinh βω
2
+
αβω
2
)]
.
From this result we can obtain the undeformed as well as the deformed partition
functions, which are given by
Tr(ρβ) =
1
2 sinh βω
2
, Tr(ρ) =
1
2 sinh ωβ
2
exp
(
µ2β
2mω2
)
. (5.6)
Substituting the equations (5.5) and (5.6) in to the definition of Re´nyi divergence
(2.1) we obtain
Dα(ρ||ρβ) = µ
2
mω3
sinh αβω
2
sinh (α−1)αβω
2
(α− 1) sinh βω
2
. (5.7)
It is easy to verify that this result satisfies all the properties given in Section 1,
including the relation of the Re´nyi divergence with the relative entropy given in
(2.9).
6We can obtain this by analytically continuing the result given in [24, Problem 3.11].
7We have set ~ = 1.
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The above result can also be obtained using perturbation theory in the Hamil-
tonian formalism. The harmonic oscillator Hamiltonian deformed by x (∼ a+ + a−)
is given by
Hg = ω
(
a+a− +
1
2
)
+ g(a+ + a−). (5.8)
The relevant partition function that leads to the Renyi divergence is
Z = Tr
[
qα[(a+a−+
1
2)+g(a++a−)]q(1−α)(a+a−+
1
2)
]
, q = e−βω. (5.9)
The methods developed in the next section to tackle inhomogeneous deformations of
CFTs can be used to evaluate this partition function perturbatively in g. The details
are provided in Appendix C.2. The quadratic order result for the Renyi divergence
matches with (5.7) above obtained using the path-integral formalism. The coupling
g can be identified with its counterpart µ in the Lagrangian as
g =
µ
2
√
mω3
. (5.10)
5.2 Sine-square deformation
The sine-square deformation (SSD) has been of recent interest in the context of
periodically driven Floquet CFTs [12–16]. This deformation forms a rare example
which offers analytic tractability and exhibits an interesting phase diagram under
Floquet driving. The SSD Hamiltonian is given by the following insertion of a sine-
squared envelope function
HSSD = 2
∫ L
0
dx sin2
(pix
L
)
T00(x) . (5.11)
Upon using the conformal transformation, z = e
2pix
L , and writing the stress-tensor in
terms of the mode expansion, we get
HSSD =
2pi
L
[
L0 + L¯0 − 1
2
(L1 + L−1)− 1
2
(L¯1 + L¯−1)− c
12
]
. (5.12)
In what follows, we consider a slightly generalized version of the envelope function
Hg =
∫ L
0
dx
[
1− g cos
(
2pix
L
)]
T00(x) ,
Hg =
2pi
L
[
L0 + L¯0 − g
2
(L1 + L−1)− g
2
(L¯1 + L¯−1)− c
12
]
. (5.13)
Here, g parametrizes the deviation from a uniform profile. The above Hamiltonian
reduces to the sine-square deformation for g → 1. This form of the Hamiltonian
is used in [25] and is often referred to as the Mo¨bius Hamiltonian. Note that the
Hamiltonian is built purely from the generators of the two sl(2,R) sub-algebras.
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The torus partition function of the deformed theory (5.13) can be computed
exactly by utilizing the sl(2,R) symmetry. The details of the calculation can be
found in Appendix B.1. The result is
Zg(τ, τ¯) = Tr
[
qL0−
g
2
(L−1+L1)−c/24q¯L¯0−
g
2
(L¯−1+L¯1)−c/24
]
,
= (qq¯)−(1−
√
1−g2) c
24ZCFT(τ
√
1− g2, τ¯
√
1− g2). (5.14)
with q = e2piiτ . Apart from the power law pre-factor, the deformation (5.13) leads to
an effective rescaling of the modular parameter τ 7→ τ√1− g2. For the rectangular
torus, τ = iβ/L, and 0 < g < 1 this implies an increase of temperature. For g > 1
the deformation adds an angular chemical potential. Finally for g = 1, the SSD
limit, we have τ 7→ 0 which is the strict high temperature limit. It can therefore be
seen that the deformation parameter g also serves as a regulator.
We record the perturbative corrections till the quadratic order
Zg(τ, τ¯) = ZCFT(τ, τ¯)− g
2
2
q−c/24q¯−c/24(q(log q)∂q + q¯(log q¯)∂q¯)f(τ, τ¯) + · · · . (5.15)
Here, f(τ, τ¯) = (qq¯)c/24ZCFT(τ, τ¯). The above correction will serve as a useful check
on our results for Re´nyi divergences.
Re´nyi divergence
The relevant partition function we need to calculate to obtain the Re´nyi divergence
is the following
Zg(τ, τ¯ |α) = Tr
[
qα(L0−
g
2
(L−1+L1)− c24 )q¯α(L¯0−
g
2
(L¯−1+L¯1)− c24 )q(1−α)(L0−
c
24
)q¯(1−α)(L¯0−
c
24
)
]
.
(5.16)
Note that unlike the holomorphic deformations, the deforming operator does not
commute with the Hamiltonian in this case. This makes the Taylor expansion in g
of the Boltzmann factors non-trivial. We also observe that this is the trace of the
Euclidean version of the single-cycle Floquet operator for the Mo¨bius deformation.
Although the torus partition function (5.14) for the Mo¨bius deformation alone
can be obtained non-perturbatively in g, it is rather difficult to evaluate (5.16) which
has the insertion of an additional Boltzmann factor. We proceed perturbatively.8
Let us consider the holomorphic pieces of the deformed and undeformed Hamiltonian
(apart from the Casimir energy shift) and the corresponding partition function
H ′g = X − gZ , H ′0 = X , Zhol = Tr
[
e−αbH
′
ge−(1−α)bH
′
0
]
, (5.17)
8So strictly speaking, we are studying a perturbative version of the SSD or the Mo¨bius defor-
mation in this work.
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where Z = (L1 + L−1)/2. The anti-holomorphic piece can be straightforwardly
added later on. The derivative of the operator exponential is given by the Duhamel’s
formula
∂
∂g
e−αbH
′
g = αb
∫ 1
0
e−αb(1−s)H
′
g
∂H ′g
∂g
e−αbsH
′
g , (5.18)
with b = −2piiτ = − log q. The derivative of the relevant partition function for Re´nyi
divergence is then
∂Zhol
∂g
= αbTr
[
e−(1−α)bH
′
0
∫ 1
0
ds e−αb(1−s)H
′
gZe−αbsH
′
g
]
. (5.19)
For g = 0 the above RHS is proportional to Tr[Ze−bH
′
0 ]. Since Z isn’t made of
zero-modes, its expectation value in any state (primary or descendant) will vanish.
Therefore, there is no correction at the linear order in perturbation theory.
We need the second derivative for the next-order correction. Before doing that,
let’s calculate the g-derivative of the integrand appearing in (5.19). Using (5.18)
again to act on the Boltzmann factors, we obtain
A(g) = ∂
∂g
(
e−αb(1−s)H
′
gZe−αbsH
′
g
)
=
[
αb(1− s)
∫ 1
0
du eαb(1−s)(u−1)H
′
gZe−αb(1−s)H
′
g
]
Ze−αbsH
′
g
+ e−αb(1−s)H
′
gZ
[
αbs
∫ 1
0
dv eαbs(v−1)H
′
gZe−αbsvH
′
g
]
. (5.20)
The second derivative of the trace at g = 0 can now be evaluated
∂2Zhol
∂g2
∣∣∣∣
g=0
= αb
∫ 1
0
ds Tr
[
e−(1−α)bH
′
0A(0)
]
= (αb)2
∫ 1
0
ds (1− s)
∫ 1
0
du Tr
[
e−(1−α)bH
′
0eαb(1−s)(u−1)H
′
0Ze−αb(1−s)H
′
0Ze−αbsH
′
0
]
+ (αb)2
∫ 1
0
ds s
∫ 1
0
dv Tr
[
e−(1−α)bH
′
0e−αb(1−s)H
′
0Zeαbs(v−1)H
′
0Ze−αbvsH
′
0
]
. (5.21)
We use the cyclicity of trace to rearrange the operators within the traces and change
integration variables of the in the second term above: t = 1 − s and v = 1 − u. It
can then be seen both terms above are equal to each other and the second derivative
simplifies to be
∂2Zhol
∂g2
∣∣∣∣
g=0
= 2(αb)2
∫ 1
0
ds (1− s)
∫ 1
0
du Tr
[
e−b(1−αu(1−s))H
′
0Ze−αb(1−s)uH
′
0Z
]
.
(5.22)
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Next, we use the identity (C.1) derived in the Appendix C. For (yw) = q we have
Tr[wXZyXZ] =
y + w
4
Tr[L1L−1qL0 ]. (5.23)
Hence, the second order correction is
∂2Zhol
∂g2
∣∣∣∣
g=0
= 2(αb)2
(
1
4
∫ 1
0
ds (1− s)
∫ 1
0
du
(
qαu(1−s) + q1−αu(1−s)
))
Tr
[
L1L−1qL0
]
=− 1
2
(
4q1/2 sin(pi(α− 1)τ) sin(piατ) + α(1− q) log q)Tr [L1L−1qL0] .
(5.24)
We now restore the anti-holomorphic part and incorporate the Casimir energy shifts
in the Hamiltonians. The corrected partition function is
Zg(τ, τ¯ |α) = ZCFT(τ, τ¯)
− g
2
4
(
4q1/2 sin(pi(α− 1)τ) sin(piατ) + α(1− q) log q) Tr [L1L−1qL0−c/24q¯L¯0−c/24]
− g
2
4
(
4q¯1/2 sin(pi(α− 1)τ¯) sin(piατ¯) + α(1− q¯) log q¯) Tr [L¯1L¯−1qL0−c/24q¯L¯0−c/24]
+O(g3). (5.25)
Using the expressions for the traces from Appendix C.1 (see also [26]), we have the
result
Zg(τ, τ¯ |α) = ZCFT(τ, τ¯)
− g
2
2
(qq¯)−c/24
(
4q1/2 sin(pi(α− 1)τ) sin(piατ) + α(1− q) log q) q
(1− q)∂qf(τ, τ¯)
− g
2
2
(qq¯)−c/24
(
4q¯1/2 sin(pi(α− 1)τ¯) sin(piατ¯) + α(1− q¯) log q¯) q¯
(1− q¯)∂q¯f(τ, τ¯)
+O(g3). (5.26)
We can check whether this result is consistent with the α→ 0, 1 limits. For α→ 0 we
have the undeformed CFT throughout the temporal cycle and the above correction
vanishes as expected. On the other hand, for α → 1, we have the Mo¨bius deforma-
tion turned on at all times and we precisely recover the result (5.15). Choosing a
rectangular torus, τ = iβ/L, the high temperature version of (5.26) is
Zg(β, α) ≈ ZCFT(β)
[
1 + g2
(
4 sinh(pi(α− 1) β
L
) sinh(piα β
L
)− 4pi2α β2
L2
) cL3
24piβ3
+O(g3)
]
.
(5.27)
With these ingredients in place, the Re´nyi divergence can be found from its definition
Dα(ρgD||ρβ) = 1
α− 1 log
Tr[ραg ρ
1−α
β ]
Tr[ρg]α Tr[ρβ]1−α
=
1
α− 1 log
Zg(β, α)
Zg(β, 1)αZCFT(β)1−α
.
(5.28)
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In the leading order in small g, we have
Dα(ρSSD||ρβ) = −2g2q3/2 sin(pi(α− 1)τ) sin(piατ)
(α− 1)(1− q) ∂qlogf(τ, τ¯) + anti-holomorphic +O(g
4),
(5.29)
where, once again, f(τ, τ¯) = (qq¯)c/24ZCFT(τ, τ¯). We note that the dependence of α
at this order is exactly the same as that of the deformed harmonic oscillator (5.7).
A plot of the Renyi divergence with α is shown below. The relative entropy is given
by the α→ 1 limit
S(ρSSD||ρβ) = −2g2 q3/2 (piτ) sin(piτ)
1− q ∂qlogf(τ, τ¯) + anti-holomorphic +O(g
4) .
(5.30)
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Figure 5: Renyi divergence (5.29) for the sine-squared deformation with L = 1, c =
30, β = 0.1, g = 0.04.
5.3 Higher spin generalisation
We can also consider inhomogneous deformation by higher spin currents
δHs =
∫ L
0
dx
[ g
2k
(
e−
2pix
L
(s−2+k) + e−
2pix
L
(s−2−k)
)]
V
(s)
00...(x) (5.31)
Here, V (s) denotes a higher spin current with spin s. In the previous section the case
with s = 2 and k = 1 was considered. Recall that, in terms of modes
V (s)(z) =
∞∑
n=−∞
V
(s)
n
zn+s
. (5.32)
The deformation is then
δHs =
2pi
L
g
2k
∫
C
dz
2pii
[
zs−1+k + zs−1−k
]
V (s)(z) =
2pi
L
g
2k
[V
(s)
−k + V
(s)
k ] . (5.33)
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The deformation by the spin-3 current turns out to be simpler than other ones.
The torus partition function can be exactly found just like the Mo¨bius deformation,
it leads to effective rescaling of the modular parameter. For the deformation by
W−2 +W2 we have
Zg(τ, τ¯) = Tr
[
qL0+
g
4
(W−2+W2)−c/24q¯L¯0+
g
4
(W¯−2+W¯2)−c/24
]
= (qq¯)−(1−
√
1+4g2) c
24ZCFT(τ
√
1 + 4g2, τ¯
√
1 + 4g2) . (5.34)
The details of this calculation can be found in Appendix B.2.
Renyi divergence
Once again we are interested in the trace with two Boltzmann factor insertions
Zg(τ, τ¯ |α) = Tr
[
qα(L0+
g
2k
(V
(s)
−k +V
(s)
k )− c24 )q¯α(L¯0+
g
2k
(V¯
(s)
−k +V¯
(s)
k )− c24 )q(1−α)(L0−
c
24
)q¯(1−α)(L¯0−
c
24
)
]
.
(5.35)
We restrict k to 1 < |k| < s so that the corrections are determined by the global
hs[λ] algebra. For calculating the corrections perturbatively, the steps till (5.22)
are the same – we just need to replace the deforming operator appropriately. The
second order correction is (writing just the holomorphic piece for the time being and
b = − log q as before)
∂2Zhol
∂g2
∣∣∣∣
g=0
=
(αb)2
22k−1
∫ 1
0
ds (1− s)
∫ 1
0
du Tr
[
e−b(1−αu(1−s))L0V (s)+ e
−αb(1−s)uL0V (s)+
]
,
(5.36)
where, V
(s)
+ = V
(s)
k +V
(s)
−k . The higher spin currents can be shuffled using the following
identity
Tr
[
(V
(s)
k + V
(s)
−k )y
L0(V
(s)
k + V
(s)
−k )w
L0
]
= (yk + wk) Tr
[
V
(s)
k V
(s)
−k q
L0
]
. (5.37)
This is proved in the Appendix C. The trace appearing above can be calculated in
the same manner as the Virasoro case – see equation (C.11). The final result for the
second order correction is
∂2Zg
∂g2
∣∣∣∣
g=0
=− 21−2kqk
k
4qk/2 sin(pi(α−1)kτ) sin(piαkτ)+kα(1−qk) log q
1−qk (qq¯)
−c/24C2ss(k, λ) ∂qf(τ, τ¯) + · · ·
+ anti-holomorphic . (5.38)
Here, C2NN(k, λ) is the following structure constant appearing in the hs[λ] algebra
(see e.g. [27, Appendix A])
[V
(s)
−k , V
(s)
k ] = C
2
ss(k, λ)L0 + zero-modes of even spins. (5.39)
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Equation (5.38) reduces to the Mo¨bius deformation for s = 2 and k = 1 given in
equation (5.24). It also reduces to perturbatively expanded W3 result (5.34) for
α = 1, λ = −3, s = 3 and k = 2. The ‘· · · ’ in (5.38) involve expectation values of
even-spin currents. These vanish in the high temperature limit if we choose to work
in the primary basis.
The partition function (5.35) is then
Zg(τ, τ¯ |α) = ZCFT(τ, τ¯)
− g2
[
2−2kqk
k
4qk/2 sin(pi(α−1)kτ) sin(piαkτ)+kα(1−qk) log q
1−qk (qq¯)
−c/24C2ss(k, λ) ∂qf(τ, τ¯) + anti-hol
]
+O(g3) . (5.40)
Here we have not written terms arising from even-spin currents. As before, the
Renyi divergence can be found straightforwardly from the above deformed partition
function. The leading order result is
Dα(ρg||ρβ) ≈ −g2
[
2−2kqk
k
4qk/2 sin(pi(α− 1)kτ) sin(piαkτ)
(1− qk)(1− α) C
2
ss(k, λ) ∂qlogf(τ, τ¯)
+ anti-holomorphic
]
. (5.41)
We note that this result takes a universal form for all higher-spin inhomogeneous
deformations considered here. The dependence on the spin of the deforming current
appears only through the structure constant C2ss.
We can also consider the deformation of the CFT Hamiltonian by the opera-
tor J1 + J−1 built from the modes of U(1) current. The Re´nyi divergence can be
analogously computed and we have the leading result
Dα(ρg||ρβ) ≈ g2
[
q3/2 sin(pi(α− 1)τ) sin(piατ)
(1− q)(1− α) κ+ anti-holomorphic
]
, (5.42)
where, κ is the level of the current algebra.
The α dependence in the leading correction for the inhomogeneous deformations
considered here takes exactly the same form as the deformed harmonic oscillator
(5.7). The frequency ω of the harmonic oscillator gets replaced by the mode number
k. Note that the α dependence is fixed by the same integral which appears in
(5.24), (5.36) and (C.18). The integrand is, in turn, determined by the following
commutators with the undeformed Hamiltonians
[HCFT, Lk] = −kLk, [HCFT, V (s)k ] = −kV (s)k , [HSHO, a±] = ±ωa±, (5.43)
where, we set the length of the spatial circle L = 2pi and ~ = 1. In particular,
these relations facilitate rearrangement of operators within the traces and Boltzmann
factors (see Appendix C). The similar form of these algebraic relations is the reason
behind the universality at the leading order.
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6 Generalized second laws of thermodynamics
One of the aims of [7] to study Re´nyi divergences in conformal field theories was the
possibility that they provide additional constraints on thermodynamical evolution for
out of equilibrium systems besides the ordinary second law. These constraints are a
natural extrapolation of the simple thermodynamical criterion that a transition from
the state ρ1 to ρ2 is allowed provided the free energy F (ρ1) > F (ρ2). Note that we are
considering open systems, and each of these density matrices are in contact with its
respective heat baths. We have seen in equation (2.9), that one of the properties of
the Re´nyi divergence Dα(ρ||ρβ) is that at α = 1, it reduces to the differences between
the free energies of the density matrices ρ and ρβ. Using this property we can arrive
at the following equivalent statement of the second law. Consider the difference
δD1(ρ1||ρ2) ≡ D1(ρ1||ρβ)−D1(ρ2||ρβ). (6.1)
Then if δD1(ρ1||ρ2) > 0, the occurrence of the state ρ2 in a transition from ρ1 to ρβ
is allowed by the conventional second law. The generalized 2nd law is the statement
that state ρ2 is allowed in a transition from ρ1 to ρβ only if [7, 28]
δDα(ρ1||ρ2) ≡ Dα(ρ1||ρβ)−Dα(ρ2||ρβ) > 0, for all α. (6.2)
A heuristic understanding of this generalization can be obtained by considering the
microcanonical ensemble. This implies ρβ → ρ∗ where ρ∗ is the equal a-priori proba-
bility distribution. The above statement is then equivalent to maximizing the Re´nyi
entropy during a transition.
Thus, the generalized second laws in principle represent more constraints that
the traditional second law. However, it need not be always the case. Consider a plot
of of δDα(ρ1||ρ2) as shown in the figure 6a. It is clear from the shape of the graph
that the transition from ρ1 to ρ2 which is allowed by the traditional second law at
α = 1 continues to be allowed for all 0 < α < 1. In this situation, the generalized
second law does not provide any further constraint than that by the conventional
second law. However if the shape of the graph is as shown in figure 6b, then the
generalized state that the transition ρ1 to ρ2 which is allowed by the conventional
second law at α = 1 is forbidden by the generalized second law. It is important that
this discussion is for open systems in contact with the heat bath and not for closed
system where we also need to ensure conservation of energy.
In this section we will use the results for Re´nyi divergences of sections and
obtain situations of the kind shown in figure 6b. We will see in all the case we
study there are situations in which the generalised second laws do indeed represent
additional constraints. This study extends the observations of [7] which were made
for excitations ρ1, ρ2 corresponding to deformations by conformal primaries of weights
∆1,∆2 respectively.
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Figure 6: (Left) A sample plot of δDα(ρ1||ρ2) showing the case where there are no
additional constraints from the generalized second law for the transition from ρ1 →
ρ2. (Right) A sample plot of δDα(ρ1||ρ2) showing that the generalized second law
disallows the transition from ρ1 → ρ2 even though it is allowed by the conventional
second law.
6.1 Higher temperature to spin-1 charged states
Let us consider the case of of the Re´nyi divergence of excited state corresponding to
the stress temperature deformation, ρT and that of the U(1) current deformation ρJ .
From (4.18) and (4.35), we write these results as
Dα,J(ρJ ||ρβ) = picL
6β
µ2Jα, (6.3)
Dα,T (ρT ||ρβ) = picL
6β
(
µ2Tα
(1− µT )(1− αµT )
)
.
Here the U(1) deformation has been redefined as
2piκµ2β2 → µ2J , (6.4)
and the stress tensor deformation is defined as
2piµ→ µT . (6.5)
With these definitions both µJ , µT are dimensionless, ρβ is the reference thermal
state. Note that the excited state corresponding to the stress tensor deformation can
be thought of a thermal state at temperature
T ′ =
T
1− µT . (6.6)
Let us define the difference of the Re´nyi divergences which is given by
δDα(ρT ||ρJ) = picL
6β
(
µ2Tα
(1− µT )(1− αµT ) − µ
2
Jα
)
. (6.7)
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In the figure 7a we have the Re´nyi divergences for µT = 0.3 along with various values
of µJ . It can be seen that µJ = 0.42, 0.38, that the excited state ρJ is allowed by
the traditional second law but disallowed by the generalized second law. This is also
clear from the plot of δDα(ρT ||ρJ) in figure 7b. Note that for µJ = 0.46, the charged
state is prevented to occur as an intermediate state even by the second law.
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Figure 7: (Left) D˜α =
6β
picL
Dα vs α for fixed µT = 0.3. Values of µJ decrease on
the curves from top to bottom. (Right) plot of δD˜α =
6β
picL
δDα(ρT ||ρJ) vs α for
fixed µT = 0.3. Note the transition represented by the curves µJ = 0.42, 0.38 are
allowed by the conventional first law but disallowed by the generalised second laws
of thermodynamics.
Since we have analytical expressions for the Re´nyi divergences, it is easy to find
the domains for which the intermediate state ρJ is allowed to occur by the generalized
second law for transitions from higher temperature to lower temperature. Therefore
form (6.6) we have 0 < µT < 1 and without loss of generality we can chose µJ to be
positive.
• For small enough chemical potentials given by
µJ <
µT√
1− µT =
T ′ − T√
TT ′
, Dα,J(ρJ ||ρβ) < Dα,T (ρT ||ρβ), (6.8)
we see that the charged excited state ρJ is allowed by the both the conventional
second law and the generalised second law.
• For chemical potentials in the range
µT√
1− µT < µJ <
µT
1− µT =
T ′ − T
T
, (6.9)
the excited state ρJ is allowed by the conventional second law, but disallowed by
the generalised second law. Note that for this range we have δD1(ρT ||ρJ) > 0.
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• For large chemical potentials in the range
µT
1− µT < µJ , Dα,T (ρT ||ρβ) < Dα,J(ρJ ||ρβ), (6.10)
the transition intermediate state ρJ does not occur in the transition from ρT
to ρβ.
6.2 Transitions between two temperatures
We have seen that given the stress tensor deformation µ1, the density matrix of the
excited state corresponds to that of temperature
T1 =
T
1− µ1 . (6.11)
The Re´nyi divergence is given by
Dα(ρ1||ρβ) = picL
6β
(
µ21α
(1− µ1)(1− µ1α)
)
. (6.12)
Transitions from higher temperature to lower temperature
Let the state ρ1 be at higher temperature, 0 < µ1 < 1 . Now consider another state ρ2
corresponding to the stress tensor deformation µ2. We can now ask in the transition
from ρ1 to ρβ is it possible that the state ρ2 be allowed by the traditional second law,
but dis-allowed by the generalised second law. In figure 8a we have plotted various
values of µ2 for a fixed value of µ1 = 0.3. We find that for −0.75 < µ2 < −0.428,
that is a band of lower temperatures than T , it is indeed the case that there are
situations where the traditional first law at α = 1 allows the state ρ2 to occur in the
transition from ρ1 → ρβ, however the generalised second law prohibits this process.
This is also confirmed in figure 8b which plots the difference in Re´nyi divergences
defined by
δαDα(ρ1||ρ2) = picL
6β
(
µ21α
1− µ1)(1− µ1α) −
µ22α
(1− µ2)(1− µ2α)
)
. (6.13)
Since we have analytical and simple algebraic expressions for the Re´nyi diver-
gences, by studying various inequalities we can make the following general statements
for the transition form (ρ1, µ1) at higher temperature to ρβ.
• In the range 1
2
≤ µ1 < 1, we see that for µ2 < µ1 and for 0 < α < 1 we have
Dα(ρ1||ρ2) > 0 for 1
2
< µ1 < 1 and µ2 < µ1 . (6.14)
This of course implies that there are no situations in which the generalised
second law implies more constraints than the conventional second law.
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Figure 8: (Left) D˜α =
6β
picL
Dα vs α for fixed µ1 = 0.3, we see the the generalised
second law prevents transitions to states with µ2 in the range
µ1
2µ1−1 = −0.75 < µ2 <
µ1
µ1−1 = −0.428. The conventional second law disallows states with µ2 < −0.75.
(Right) δD˜α =
6β
picL
δDα(ρ1||ρ2) vs α for fixed µ1 = 0.3 and different µ2.
• In the range 0 < µ1 < 12 , for states with
Dα(ρ1||ρ2) > 0 for 0 < µ1 < 1
2
and − µ1
1− µ1 < µ2 < µ1 . (6.15)
Again this implies that there are no situations in which the generalised second
law implies more constraints than the conventional second law.
• But in the range
0 < µ1 <
1
2
and − µ1
1− 2µ1 < µ2 < −
µ1
1− µ1 , (6.16)
we see that the generalised second law prevents the occurrence of the state
(ρ2, µ2) in the transition from (ρ1, µ1) to ρβ which is allowed by the traditional
second law.
• Finally in the range
0 < µ1 <
1
2
and −∞ < µ2 < − µ1
1− 2µ1 . (6.17)
The traditional second law itself prevents the occurrence of the state (ρ2, µ2) .
In summary we conclude that in a transition from as state of higher temperature
(ρ1, µ1) to ρβ, the states which are allowed to occur by the generalised second law
satisfies the condition,
− µ1
1− µ1 < µ2 < µ1. (6.18)
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It is interesting to note that T1 =
T
1−µ1 the lowest temperature T
∗
2 = − µ11−µ1 allowed
satisfies the following property
T1T
∗
2 = T. (6.19)
That is T is the geometric mean of T1 and T
∗
2 .
Transitions from lower temperature to higher temperature
In the transition from the excited state ρ1 with −∞ < µ1 < 0 to ρβ we find that there
are no situations in which the generalized second law prevents a transition which is
allowed by the traditional second law. The higher temperature states (ρ2, µ2) which
are allowed as intermediate states in this transition satisfy the condition
−∞ < µ1 < 0 and µ1 < µ2 < −µ1
1− 2µ1 . (6.20)
It is again interesting to note that T1 =
T
1−µ1 and highest temperature T
∗
2 =
−µ1
1−2µ1
which is allowed satisfies the property
T1 + T
∗
2 = 2T. (6.21)
Here T is the arithmetic mean of T1 and T
∗
2 .
6.3 Spin-3 charged state to higher temperature
Let us consider transitions from the excited state corresponding to the spin-3 defor-
mation (ρW , µW ) to the state (ρT , µT ) which is the excited state corresponding to the
stress tensor deformation. From (4.49) and (4.35) the Re´nyi divergences for these
states are given by
Dα(ρW ||ρβ) = picL
6β
[
16
3
(
piµW
β
)2
α +
12800
27
(
piµW
β
)4
α(α2 + α + 1) + · · ·
]
,
Dα,T (ρT ||ρβ) = picL
6β
(
µ2Tα
(1− µT )(1− αµT )
)
(6.22)
Let us also define
δDα(ρW ||ρT ) = Dα(ρW ||ρβ)−Dα,T (ρT ||ρβ) . (6.23)
We can study if there are additional constraints from the generalised second
law for the occurrence of the state (ρT , µT ) in the transition from (ρW ||ρβ) to ρβ.
The series representing Dα(ρW ||ρβ) is an asymptotic series for small µW . Therefore
to trust our results we need to take the values of µW and the number of terms
in the expansion with care. In figure 9 we have plotted δDα(ρW ||ρT ) for a fixed
µW = 0.002 for three values of µT . We have kept to order µ
20
W terms in the expansion
of Dα(ρW ||ρβ), and have verified that the asymptotic expansion gives the same curves
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by keeping terms to order µ10W or to order µ
50
W . Thus the asymptotic expansion gives
stable values for δDα(ρW ||ρT ) for µW = 0.002. Note that the curve for µT = 0.022875
represents the situation for which the state ρT is allowed for the transition from ρW
to ρβ by the conventional second law of thermodynamics but is disallowed by the
generalized second laws. We have also seen, that there are such additional constraints
from the generalized second laws for the occurrence of ρW in transitions from the
state at higher temperature to the charged spin-3 state ρW .
0.2 0.4 0.6 0.8 1.0
α
-3.×10-6
-2.×10-6
-1.×10-6
1.×10-6
2.×10-6
δD
˜
α
μT=0.02283 μT=0.022875 μT=0.02294
Figure 9: D˜α =
(
6β
picL
)
δDα(ρW ||ρT ) vs α for fixed µW = 0.02. The transition
represented by the curve for µT = 0.022875 is allowed by the conventional second
law but disallowed by the generalized second laws of thermodynamics.
6.4 Transitions involving SSD states
The Re´nyi divergences of the excited state (ρk=1 corresponding to the SSD deforma-
tion g(L1 + L−1) in the Hamiltonian to the quadratic order in perturbation theory
on the torus is given by
Dα(ρk=1||ρβ) = µ21
picL
6β
sinh piαβ
L
sinh pi(α−1)β
L
α− 1 . (6.24)
Here we have taken a rectangular torus by setting τ = iβ
L
and absorbed the prefactors
2g2q∂q log f(τ, τ¯) into the coupling µ1. This is possible since we work at a fixed τ .
We can now consider transitions between the SSD deformed state (ρk=1, µ1) and
the excited state corresponding to the stress tensor deformation (ρT , µT ) with Re´nyi
divergence
Dα(ρT ||ρβ) = picL
6β
(
µ2Tα
(1− µT )(1− α)
)
. (6.25)
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Let us define the difference
δDα(ρk=1||ρT ) = Dα(ρk=1||ρβ)−Dα(ρT ||ρβ). (6.26)
In figure 10a we have plotted the Re´nyi divergences of the excited states correspond-
ing to the (ρT , µT ) for different values of µT along with the Re´nyi divergence of the
SSD state (ρT , µ1) at µ1 = 0.05. We see that for µT = 0.22, the transition from the
SSD excited state is allowed by the conventional second law, but disallowed by the
generalised second laws. This can also be seen in figure 10b which plots the difference
δDα(ρk=1||ρT ). We have chosen value of β/L = 1 and µ1 so that it
µ21 
1
pi sinhpi
(6.27)
This ensures that the Re´nyi divergence at α = 1, its largest value is small so that
perturbation theory can be trusted.
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Figure 10: (Right) D˜α =
6β
picL
Dα vs α for different values of µT and fixed µ1 = 0.05.
(Left) δD˜α = δDα(ρk=1||ρT ) for a fixed µ1 = 0.05. We have set β/L = 1 The
transition represented by the curve µT = 0.22 is allowed by the conventional second
law but disallowed by the generalized second laws.
Finally let us consider transitions from the SSD state (ρk=2, µ2) with Re´nyi
divergence given by. Here the SSD state is obtained by adding the deformation
g(V
(s)
2 + V
(s)
−2 ).
Dα(ρk=2||ρβ) = µ22
picL
6β
sinh 2piαβ
L
sinh 2pi(α−1)β
L
α− 1 (6.28)
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To obtain this expression we have taken τ = iβ
L
in (5.41) and absorbed all the
resulting prefactors into µ22. We can also consider the difference
δDα(ρk=2||ρk=1) = µ21
picL
cβ
(
γ sinh 2piαβ
L
sinh 2pi(α−1)β
L
α− 1 −
sinh piαβ
L
sinh pi(α−1)β
L
α− 1
)
,
(6.29)
where the ratio γ = (µ2
µ1
)2.
In figure 11a, we have plotted the Re´nyi divergences of excited state (ρk=2, µ2),
(ρk=1, µ1) for various values of the ratio γ. The Re´nyi divergences are normalized by
dividing
picLµ21
6β
. The dashed curve represents the SSD deformation for k = 1, while
the solid curves are that for k = 2. The curves corresponding to γ = 0.035, 0.025 are
transitions from the k = 2 SSD excited state to the k = 1 SSD state which is allowed
by the conventional second law, but prohibited by generalised second laws. We have
set β
L
= 1. Figure 11b, show the same by plotting δDα(ρk=2||ρk=1) for various values
of γ.
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Figure 11: (Left) D˜α =
(
6β
picLµ21
)
Dα with
β
L
= 1.The dashed curve represents
6β
picLµ21
Dα(ρk=1||ρβ). The coloured curves correspond to 6βpicLµ21Dα(ρk=1||ρβ) for different
values of γ. The curves γ = 0.035, 0.025 represent a transition from the SSD k = 2
excited state to the k = 1 state which is allowed by the second law but prohibited
by the generalised second law. (Right) δD˜α =
(
6β
picLµ21
)
δDα(ρ2||ρ1) for various values
of γ.
7 Conclusions
In this paper we evaluated the Re´nyi divergences between the thermal density matrix
and excited states created by deforming the Hamiltonian by scalar primaries, con-
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served currents and SSD deformations in 2d CFTs. One of our aims was to obtain
tractable examples so that the properties of Re´nyi divergences can be studied further.
Our study has shown that the α dependence of leading correction to the Re´nyi diver-
gences is universal as long as the deforming operators together with the Hamiltonian
satisfy the Heisenberg algebra. Indeed as far as we are aware, the α dependence of
Re´nyi divergences have been obtained only numerically as in [7]. Systems such as the
ones considered in this paper with simple α dependence for which Re´nyi divergences
can be obtained exactly have not been studied. We used these simple examples to
show that the generalized second laws of thermodynamics put forward in [7, 28] do
place more constraints on the evolution of non-equilibrium systems compared to the
traditional second law. The methods developed in this paper – conformal pertur-
bation theory for holomorphic deformations and Hamiltonian perturbation theory –
can be used for other systems.
It is worthwhile to consider Re´nyi divergences beyond the ones considered in
this work and [7]. Specifically, an interesting future problem is to study the Re´nyi
divergence for the T T¯ deformation [29, 30]. This entails the calculation of
Zα(λ) = Tr[qαHTT¯ (λ)q(1−α)HCFT ] ,
where, λ is the T T¯ coupling. Analysing this quantity would shed light on the dif-
ferences in the nature of eigenstates of the deformed and undeformed theories. Note
that although the spectrum of HT T¯ and HCFT are related by a one-to-one map, the
Hamiltonians themselves do not commute. This renders the calculation of Zα(λ)
non-trivial. One way to proceed is to derive a flow equation for the above quantity
along the lines of [31] or potentially bootstrapping using modular properties [32, 33].
Moreover, it would also be fruitful to check whether the integration prescription used
in this work or variants discussed in [10] can be employed to treat this deformation
perturbatively.
Finally, the universality in the α dependence of Re´nyi divergences for SSD defor-
mations encourages us that it is worthwhile to engineer holographic setups for such
quenches. The SL(2,R) Chern-Simons theory in 3-dimensions and its higher spin
generalization provide natural frameworks to think of these deformations. This will
not only teach us more about holography in these systems, but also lead to construc-
tions with Euclidean time dependences in the bulk. Such aspects of holography have
not been fully explored. It will be interesting to see whether such holographic setups
together with the generalised second laws will have lessons for the processes of black
hole formation and evaporation.
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A Details for spin-2 and spin-3 deformations
In this appendix we provide the details of the correlations functions and the integrals
for evaluating the partitions functions for spin-2 and spin-3 deformations. For these
deformations we carry out the perturbative expansion to order µ4.
A.1 Spin-2 deformation to the quartic order
To carry out the the perturbative expansion of the partition function in (4.20) to
order µ4 we would require the 3 point function and the 4 point function of the stress
tensor on the cylinder as well as the integrals on the cylinder.
We begin with the 3-point function of the stress tensor on the plane, which is
given by
〈T (ω1)T (ω2)T (ω3)〉 =
(
pi
β
)6
c
sinh2 pi
β
(w1 − w2) sinh2 piβ (w2 − w3) sinh2 piβ (w1 − w3)
− c
2
12
(
pi
β
)6(
1
sinh4 pi
β
(w1 − w2)
+
1
sinh4 pi
β
(w2 − w3)
+
1
sinh4 pi
β
(w1 − w3)
)
− c
3pi6
216β6
. (A.1)
We now integrate the 3-point function on the cylinder using the prescription discussed
in section 4. This results in∫
d2ω1
∫
d2ω2
∫
d2ω3〈T (ω1)T (ω2)T (ω2)〉 = −4cLpi
4
β
− c
2L2pi5
3β2
− c
3L3pi6
216β3
.
(A.2)
The 4-point function of the stress tensor on the cylinder can be obtained using
the conformal Ward identity. It is given by
〈T (ω1)T (ω2)T (ω3)T (ω4)〉 = 〈T (ω1)T (ω2)T (ω3)T (ω4)〉(0) = (A.3)
−c
2
6
(
pi
β
)8(
1
sinh2 pi
β
(w1 − w2) sinh2 piβ (w2 − w3) sinh2 piβ (w1 − w3)
+ 3 permutations
)
+
c3
72
(
pi
β
)8(
1
sinh2 pi
β
(w1 − w2)
+ 5 permutations
)
+
c4
1296
(
pi
β
)8
.
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where
〈T (ω1)T (ω2)T (ω3)T (ω4)〉(0) = c
2
4
(
pi
β
)8(
1
sinh4 pi
β
w12 sinh
4 pi
β
w34
+ (2↔ 3) + (1↔ 3)
8
c
1
sinh2 pi
β
w12 sinh
2 pi
β
w34 sinh
2 pi
β
w23 sinh
2 pi
β
w14
+
8
c
1
sinh2 pi
β
w13 sinh
2 pi
β
w24 sinh
2 pi
β
w23 sinh
2 pi
β
w14
−8
c
1
sinh pi
β
w12 sinh
pi
β
w34 sinh
pi
β
w13 sinh
pi
β
w24 sinh
2 pi
β
w23 sinh
2 pi
β
w14
)
. (A.4)
Here wij = wi − wj. The integrals on the cylinder are given by(
pi
β
)8 ∫
1
sinh4 pi
β
w12 sinh
4 pi
β
w34
=
16
9
pi6L2
β2
, (A.5)(
pi
β
)8 ∫
1
sinh2 pi
β
w12 sinh
2 pi
β
w34 sinh
2 pi
β
w23 sinh
2 pi
β
w14
=
32
45
(15− pi2)pi
5L
β
,(
pi
β
)8 ∫
1
sinh pi
β
w12 sinh
pi
β
w34 sinh
pi
β
w13 sinh
pi
β
w24 sinh
2 pi
β
w23 sinh
2 pi
β
w14
=
(
16
3
− 64
45
pi2
)
pi5L
β
.
Here
∫
=
∫ ∏4
i=1 d
2wi and the integrals over the cylinder are done using the pre-
scription in section 4. We can now use these results in the expansion of the partition
function Z[µ] to the quartic order in µ which leads to (4.27).
A.2 Spin-3 deformation to the quartic order
To obtain the partition function for the spin-3 deformation to the quartic order in µ
we require the 4-point function of the spin-3 currents. For the free field realization
of the spin-3 current in terms of c
2
complex bosons given in (4.39) we can evaluate
the 4-point function by Wick contractions. This results in
〈W (w1)W (w2)W (w3)W (w4)〉 = 25c
2
36pi4
(
pi2
β2 sinh pi
β
(w1 − w2) sinh piβ (w3 − w4)
)6
(A.6)[
1 + 18
c
η + 75
c
η2 + (2 + 54
c
)η3 + 9(1 + 2
c
)η4 + 6η5 + η6
]
.
where η is the related to the cross ratio by
η = x+
1
x
− 2, x = sinh
pi
β
(w1 − w3) sinh piβ (w2 − w4)
sinh pi
β
(w1 − w4) sinh piβ (w2 − w3)
. (A.7)
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Let us label each of the integrals that occur in on integrating the 4-point function in
(A.6) as∫
〈W (w1)W (w2)W (w3)W (w4)〉 = (A.8)
25c2
36pi4
(
I0 +
18
c
I1 +
75
2c
I2 + (2 +
54
c
)I3 + 9(1 +
2
c
)I4 + 6I5 + I6
)
.
Here each of the integrals are defined according to the respective order the corre-
sponding term occurs in the 4 point function. For example
I1 =
(
pi
β
)12 ∫
1
sinh4 pi
β
w12 sinh
4 pi
β
w34 sinh
pi
β
w13 sinh
pi
β
w14 sinh
pi
β
w23 sinh
pi
β
w24
,
=
(224
81
+
256
945
pi2
)2pi9L
β5
. (A.9)
The list of all the integrals are given below
I0 =
256
225
pi10L2
β6
, I2 =
256
9
pi10L2
β6
,
I3 =
(64
9
+
256
315
pi2
)2pi9L
β5
, I4 =
(2176
81
+
512
189
pi2
)2pi9L
β5
,
I5 =
(
− 192 + 1024
105
pi2
)2pi9L
β5
, I6 =
(3136
9
+
256piL
225β
− 11264
315
pi2
)2pi9
β6
.
Substituting these results along with the integrals of the 2-point function of the
spin-3 currents in (4.44) in the expansion of the partition given in (4.41) we obtain
(4.45).
B Torus partition functions
B.1 Sine-squared deformation
The g-parametrized Hamiltonian for the sine-squared deformation is
H =
2pi
L
[
L0 + L¯0 − g
2
(L1 + L−1)− g
2
(L¯1 + L¯−1)− c
12
]
. (B.1)
The partition function corresponding to the above Hamiltonian can be found by
using the sl(2,R) symmetry9. We define the following linear combinations of the
generators
X = L0 , Y =
L−1 − L1
2
, Z =
L−1 + L1
2
. (B.2)
9We thank Per Kraus for suggesting this method.
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It can then be seen that
[X, Y ] = Z, [X,Z] = Y, [Z, Y ] = X. (B.3)
Let us now consider the adjoint action
MλXM−λ = eλYXe−λY = X + λ[Y,X] +
λ2
2!
[Y, [Y,X]] +
λ3
3!
[Y, [Y, [Y,X]]] + · · ·
= X − λZ + λ
2
2!
X − λ
3
3!
Z + · · ·
= (coshλ)X − (sinhλ)Z . (B.4)
Another way to obtain the same result is by using the 2-dimensional representation
of sl(2,R). We re-write the above as
W ≡ X − (tanhλ)Z = Mλ
(
X
coshλ
)
M−λ (B.5)
This brings us to the Boltzmann factor. Since MλM−λ = 1 we have
e2piiτW = e2piiτMλ(
X
coshλ)M−λ = Mλe
2pii τ
coshλ
XM−λ. (B.6)
Therefore, using cyclicity of the trace
Tr
[
qW q¯W¯
]
= Tr
[
yW y¯W¯
]
where, y = e
2piiτ
cosh(λ) . (B.7)
If we define the coupling as g = tanh(λ), then the modular parameter gets rescaled
as
τ 7→ τ
cosh(λ)
= τ
√
1− g2 . (B.8)
To summarize, the torus partition functions are
ZCFT(τ, τ¯) = Tr
[
qL0−c/24q¯L¯0−c/24
]
= q−c/24q¯−c/24f(τ, τ¯)
Zg(τ, τ¯) = Tr
[
qL0+
g
2
(L−1+L1)−c/24q¯L¯0+
g
2
(L¯−1+L¯1)−c/24
]
= q−c/24q¯−c/24f(τ
√
1− g2, τ¯
√
1− g2) . (B.9)
B.2 W3 generalization
The above procedure can be generalized for theW3 case. The deformed Hamiltionian
is
H =
2pi
L
[
L0 +
g
4
(W−2 +W2)
]
. (B.10)
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Using the same methods of the previous subsection, we have
X = L0 , Y3 =
W−2 −W2
4
, Z3 =
W−2 +W2
4
. (B.11)
The SL(3,R) algebra implies that
[X, Y3] = 2Z3, [X,Z3] = 2Y3, [Z3, Y3] = X/2. (B.12)
Let us now consider the action
MλXM−λ = eλY3Xe−λY3 = X + λ[Y3, X] +
λ2
2!
[Y3, [Y3, X]] +
λ3
3!
[Y3, [Y3, [Y3, X]]] + · · ·
= X − 2λZ3 − λ
2
2!
X +
λ3
3!
2Z3 +
λ4
4!
X − λ
5
5!
2Z3 −+ +− · · ·
=
(
1− λ
2
2!
+
λ4
4!
− · · ·
)
X −
(
λ− λ
3
3!
+
λ5
5!
+ · · ·
)
2Z3
= (cosλ)X − 2(sinλ)Z3. (B.13)
Hence,
Mλ
X
cosλ
M−λ = = X − 2(tanλ)Z3. (B.14)
If g = 2 tanλ, then cosλ = (1 + 4g2)−1/2. So
(1 + 4g2)1/2MλXM−λ = X − gZ3. (B.15)
This leads to a rescaling of the modular parameter τ 7→ τ(1 + 4g2)1/2. That is
ZCFT(τ, τ¯) = Tr
[
qL0−c/24q¯L¯0−c/24
]
= q−c/24q¯−c/24f(τ, τ¯) , (B.16)
Zg(τ, τ¯) = Tr
[
qL0+
g
2
(L−1+L1)−c/24q¯L¯0+
g
2
(L¯−1+L¯1)−c/24
]
,
= q−c/24q¯−c/24f(τ
√
1 + 4g2, τ¯
√
1 + 4g2) .
The simplifications seen above, however, does not generalize to deformations of this
kind by currents with spin-4 or greater. The reason is that for
X = L0 , Ys =
W
(s)
−k −W (s)k
2s−1
, Zs =
W
(s)
−k +W
(s)
k
2s−1
. (B.17)
we have
[X, Ys] = (s− 1)Zs, [X,Zs] = (s− 1)Ys, [Zs, Ys] ∼ X + even-spin-currents.
(B.18)
However, we can still proceed using perturbation theory.
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C Details on Hamiltonian perturbation theory
C.1 Some trace identities
We derive a few identities which are used for doing perturbation theory for the
inhomogeneous deformations of CFTs.
For (yw) = q we have
Tr
[
(L1 + L−1)yL0(L1 + L−1)wL0
]
= Tr
[
L1y
L0L−1wL0
]
+ Tr
[
L−1yL0L1wL0
]
= yTr
[
L1L−1yL0wL0
]
+ wTr
[
yL0L1L−1wL0
]
= (y + w) Tr
[
L1L−1(yw)L0
]
= (y + w) Tr
[
L1L−1qL0
]
(C.1)
We have used cyclicity of the trace and the fact that moving a L1 to the right of u
L0
produces an extra factor of u. The higher spin generalization of this is similar. We
use the commutator [L0, V
(s)
n ] = −nV (s)n to get
Tr
[
(V
(s)
k + V
(s)
−k )y
L0(V
(s)
k + V
(s)
−k )w
L0
]
= Tr
[
V
(s)
k y
L0V
(s)
−k w
L0
]
+ Tr
[
V
(s)
−k y
L0V
(s)
k w
L0
]
= yk Tr
[
V
(s)
k V
(s)
−k y
L0wL0
]
+ wk Tr
[
yL0V
(s)
k V
(s)
−k w
L0
]
= (yk + wk) Tr
[
V
(s)
k V
(s)
−k (yw)
L0
]
= (yk + wk) Tr
[
V
(s)
k V
(s)
−k q
L0
]
. (C.2)
We also need the following expectation value on the torus. These have been
worked out in [26]
Q = Tr
[
L−1L1qL0 q¯L¯0
]
= Tr
[
L1q
L0 q¯L¯0L−1
]
= qTr
[
L1L−1qL0 q¯L¯0
]
= qTr
[
(2L0 + L−1L1)qL0 q¯L¯0
]
= 2qTr
[
L0q
L0 q¯L¯0
]
+ qQ . (C.3)
Solving for Q
Tr
[
L−1L1qL0 q¯L¯0
]
=
2q
1− q Tr
[
L0q
L0 q¯L¯0
]
=
2q2
1− q∂qf (C.4)
and
Tr
[
L1L−1qL0 q¯L¯0
]
= q−1Q =
2q
1− q∂qf . (C.5)
The analogous ingredient for the higher spin case is the following quantity
R = Tr
[
V
(s)
k V
(s)
−k q
L0
]
(C.6)
To do this, we recall the commutator
[L0, V
(s)
n ] = −nV (s)n (C.7)
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Therefore
V (s)m q
L0 = q−mqL0V (s)m (C.8)
So
R = qkTr
[
V
(s)
k q
L0V
(s)
−k
]
= qkTr
[
V
(s)
−k V
(s)
k q
L0
]
(C.9)
= qkTr
[
[V
(s)
−k , V
(s)
k ]q
L0
]
+ qkTr
[
V
(s)
k V
(s)
−k q
L0
]
= qkTr
[
[V
(s)
−k , V
(s)
k ]q
L0
]
+ qkR.
The hs[λ] algebra gives the following commutator for the spin-N current
[V
(s)
−k , V
(s)
k ] = C
2
ss(k)L0 + zero-modes of even spins, (C.10)
The structure constant C2NN(k) can be obtained case-by-case [Gaberdiel-Hartman
appendix]. Hence
R =
qk
qk − 1Tr
[
[V
(s)
−k , V
(s)
k ]q
L0
]
=
qk
qk − 1C
2
ss(k)Tr
[
L0q
L0
]
+ · · ·
=
qk
qk − 1C
2
ss(k) ∂qTr
[
qL0
]
+ · · · . (C.11)
So, this can be calculated from the derivative of the partition function as before
– cf. (C.5). Note that the ‘· · · ’ above denote 1-point functions of higher-even-spin
currents. If we choose to work in the primary basis of the W∞[λ] algebra and these
vanish in the high temperature limit.
The analogous result for U(1) currents is
Tr
[
JkJ−kqL0
]
=
qk
1− qkTr
[
[Jk, J−k]qL0
]
=
qk
1− qk κk Tr
[
qL0
]
. (C.12)
where we used [Jm, Jn] = κmδm+n,0.
Finally, we need the following identity for the deformation of the harmonic os-
cillator by a linear ramp10
Tr [(a+ + a−)ya+a−(a+ + a−)wa+a− ] = Tr [a+ya+a−a−wa+a− ] + Tr [a−ya+a−a+wa+a− ]
= y−1 Tr [a+a−ya+a−wa+a− ] + w−1 Tr [ya+a−a+a−wa+a− ] = q−1(y + w) Tr [a+a−qa+a− ] .
(C.13)
10There are some differences of signs in contrast to the CFT cases
y−a+a−a±ya+a− = a±y∓1, y−L0L±1yL0 = L±1y±1.
This is because of the commutation relation [a−, a+] = 1 and [L0, L±1] = ∓L±1, [a+a−, a±1] =
±a±1. That is, L−1 and a+ are raising operators while L+1 and a− are lowering operators.
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C.2 Deformed harmonic oscillator
In this subsection, we consider the deformed harmonic oscillator with an additional
linear potential (~ = 1)
Hg = ω
(
a+a− +
1
2
)
+ g(a+ + a−). (C.14)
We shall evaluate the Re´nyi divergence in the Hamiltonian formalism. This serves as
a consistency check with the path integral calculation in Section 5.1 and also makes
the agreement of the α dependence with the inhomogeneous CFT deformations more
transparent. The partition function corresponding to the Euclidean quench setup is
Zα = Tr
[
qα[(a+a−+
1
2)+g(a++a−)]q(1−α)(a+a−+
1
2)
]
, q = e−βω. (C.15)
We evaluate the above partition function perturbatively in g till the quadratic order.
The object above can be rewritten as
Zα = e−βω/2 Tr
[
ya+a−+g(a++a−)wa+a−
]
, y = e−αβω, w = e−(1−α)βω. (C.16)
As before the first order correction vanishes as the expectation values, 〈a±〉 = 0. The
second derivative is
∂2Zα
∂g2
∣∣∣∣
g=0
= 2(αb)2e−βω/2
∫ 1
0
ds (1− s)
∫ 1
0
du Tr
[
e−b(1−αu(1−s))a+a−Xe−αb(1−s)ua+a−X
]
.
(C.17)
with b = βω and X = a+ + a−. Using the relation (C.13) we get
∂2Zα
∂g2
∣∣∣∣
g=0
= 2(αb)2q−1
[∫ 1
0
ds (1− s)
∫ 1
0
du (q(1−αu(1−s)) + qα(1−s)u)
]
× Tr [a+a−e−b(a+a−+1/2)] . (C.18)
This is the same integral encountered in CFT deformations. The result is
∂2Zα
∂g2
∣∣∣∣
g=0
=− 2q−1 [4q1/2 sinh(pi(α− 1)βω
2pi
) sinh(piαβω
2pi
) + α(1− q) log q]
× Tr [a+a−e−b(a+a−+1/2)] . (C.19)
Using the expression for Re´nyi divergence, equation (5.28), we obtain
Dα(ρ||ρβ) ≈ 4g2 q
−1/2 sinh((α− 1)βω/2) sinh(αβω/2)
(1− α) ∂b log Tr
[
e−ba+a−
]
. (C.20)
The part containing the trace above is
∂b log Tr
[
e−ba+a−
]
= ∂b log
1
1− e−b =
1
1− eb . (C.21)
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So, the Re´nyi divergence is
Dα(ρ||ρβ) ≈ − 4g2 sinh((α− 1)βω/2) sinh(αβω/2)
(1− α) sinh(βω/2) . (C.22)
This agrees with the result (5.7) obtained using the path integral formalism. From
the path integral calculation, we have seen that there are no higher order correc-
tions to the Re´nyi divergence (or the logarithm of the deformed partition function).
This implies that the correction (C.19) exponentiates, analogous to the U(1) current
deformations considered in Section 4.1.
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